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Abstract
The electrification of heating and cooling is critical to global energy

transition efforts. In recent years, fifth-generation district heating

and cooling (5GDHC) thermal networks have emerged as a promis-

ing approach to electrify heating and cooling systems while miti-

gating grid impacts and repurposing fossil-fuel infrastructure, such

as gas distribution lines. 5GDHC systems connect building commu-

nities via a shared underground loop of ambient-temperature fluid,

using ground-source heat pumps at each building to provide heat-

ing and cooling. Existing deployments of these systems operate in a

static manner, but dynamic operation can unlock flexibility by lever-

aging the network’s thermal inertia to shift load and reduce costs.

In this paper, we model the dynamic operation of a 5GDHC system

as an online optimization problem, where an operator makes real-

time decisions in the face of volatile electricity prices and uncertain

demand. We propose TANDEM, a distributed online algorithm with

provable (and optimal) competitive guarantees. We then extend

TANDEM using an end-to-end framework that learns an improved

online algorithm based on historical data while preserving worst-

case guarantees. In a case study of ten real neighborhoods, we

demonstrate that TANDEM achieves significant cost savings of 44.1%

compared to static operation, 75.4% emissions reductions compared

to gas heating, and 71.8% peak demand reductions compared to

uncoordinated air-source heat pump adoption.

1 Introduction
Building operations account for 30% of global energy use and 26%

of yearly greenhouse gas emissions [27], a large portion is due

to heating, ventilation, and air conditioning (HVAC) [56], making

HVAC a critical target for decarbonization efforts. Decarbonization

strategies for HVAC typically focus on electrification (i.e., decommis-

sioning furnaces and boilers that use fossil fuels), combined with

a transition to low-carbon forms of electricity generation, such as

solar PV, hydro, and wind [6, 24]. To replace fossil-fuel-based heat-

ing systems, electric heat pumps are widely considered the most

promising technology, owing to their excellent energy efficiency

compared to resistive electric heating [28]. The most common type

used in residential and commercial buildings are air-source heat

pumps (ASHPs), which extract heat from ambient (outdoor) air.

ASHPs have become popular with advances in cold-climate

performance that make them viable in regions with harsh win-

ters [35, 71]. However, even with efficiency advantages that ASHPs

offer over other forms of electric heating, forecasts indicate wide-

spread ASHP adoption in regions currently reliant on fossil fuels

has the potential to increase peak electric demand significantly and

shift it to winter periods [30, 31]. This raises concerns about the

cost of necessary grid upgrades, as well as the feasibility of meeting

wintertime peak demand using low-carbon sources alone [41, 53].

To mitigate the grid impacts of HVAC in general, a litany of

demand response programs have been proposed, implemented, and

studied [26, 40, 66]. These programs often consider direct control

of HVAC systems (e.g., via smart thermostats) or price-based incen-

tives that encourage users to shift energy consumption to off-peak

periods [26, 63]. However, the realizable flexibility from these de-

mand response programs is often limited—each participant home is

an isolated unit with its own HVAC system, and occupant comfort

constraints limit the extent to which heating or cooling loads can

be shifted without negatively impacting residents [25, 79].

Since 2021, fifth-generation district heating and cooling (5GDHC)

concepts have emerged as a promising way to decarbonize HVAC

while mitigating grid impacts [21]. At the core of 5GDHC systems

is a thermal network of underground pipes connecting a commu-

nity of buildings via a shared ambient-temperature loop. 5GDHC

networks have gained attention for their potential to replace or

repurpose underground infrastructure such as natural gas distri-

bution pipelines [10, 19]; they have gained significant traction in

Europe [8, 19], and pilot projects are underway in the U.S. [9, 34].

In contrast to traditional district heating systems that directly

deliver high temperature (70-120
◦
C) heat to buildings, 5GDHC

networks contain low temperature fluid (e.g., 5-25
◦
C) and rely on

ground-source heat pumps (GSHPs) to exchange heat with the net-

work, providing heating or cooling as needed. GSHPs are more

efficient than ASHPs because they extract heat from the stable and

above-freezing temperatures of the underground thermal network—

benefits are largest when outdoor air is very cold, corresponding to

times when heating demand is highest and ASHP efficiency is low-

est [60, 61]. Furthermore, compared to isolated GSHP installations

(i.e., using ground loops or boreholes) at each building, 5GDHC

networks offer a shared infrastructure that provides an additional

benefit of thermal inertia—the large thermal mass of the fluid in the

underground network allows for the storage and shifting of energy

over time, providing opportunities for flexibility and load shifting.

In current deployments, 5GDHC thermal networks are operated

in a static manner, maintaining, e.g., a constant flow rate through

2026-04-10 16:24. Page 1 of 1–33.
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boreholes at all times [67]. To fully unlock the flexibility offered by

the network, however, a 5GDHC system must be dynamically man-
aged over time, responding to changing conditions such as building

demands and electricity prices. An operator’s control levers include

managing the influx and outflux of heat at pump stations connecting

the network to energy sources or sinks (e.g., waste heat, boreholes,

thermal storage, or auxiliary heat), as well as coordinating with

flexible building demands (if any) to optimally utilize the thermal

inertia of the network while respecting operational constraints.

A few prior works have proposed methods for dynamic control

of thermal networks, often using machine learning or model predic-

tive control [59, 73, 80]. However, these methods are seldom used

in practice. One challenge for deployment is the inherent online

nature of the control problem: the controller must contendwith non-

stationary intra-day inputs such as volatile electricity prices and

uncertain demand timing/amounts while respecting safe operating

constraints, posing significant difficulty for developing ML meth-

ods or heuristics that can handle distribution shift while satisfying

constraints. Furthermore, compute is often limited, preventing the

use of computationally intensive algorithms in real-time.

On the other hand, there is a rich body of work in the theoretical

literature on online algorithms [7, 15, 43, 68, 78] studying related

problems with similar challenges—for instance, [38] propose online

algorithms for demand management in grid-integrated data centers

with local energy storage, contending with volatile electricity prices

and uncertain workloads. However, despite these similarities, there

remains a gap between existing online algorithm models and the

complexity of the problem faced by an operator in practice. Unlike

the “clean” demand modeled by existing work (e.g., independent

demands with sizes often known a priori), 5GDHC systems contend

with significantly more complexity—demands are unknown a priori,

and separate demand requests of heterogeneous types (e.g., heating

at house A and cooling at house B) can interact with each other via

the shared thermal network, making algorithm design challenging.

Contributions. To approach this problem, we introduce and study

online thermal network demand management (OTNM), which
models several features informed by practice. We make three main

contributions, each corresponding to a central research question.

▶ Can we design online algorithms for OTNM that manage the unique
challenges of the 5GDHC setting while providing performance guar-
antees? We answer this question in the affirmative by proposing

TANDEM (Thermal Accounting for Network-Distributed Energy Me-

diation), a distributed online algorithm for OTNM. TANDEM extends
the threshold-based design paradigm from problems such as online

search to achieve the best-possible competitive ratio for OTNM under
our assumptions, providing a strong worst-case guarantee.

▶ When historical data is available, can we design data-driven al-
gorithms for OTNM that learn from it to improve performance while
preserving worst-case guarantees? We extend TANDEM to incorporate
an end-to-end learning framework proposed by recent work [38]

that leverages historical data to learn an improved algorithm pa-

rameterization (e.g., thresholds governing TANDEM’s actions) while
preserving a bounded worst-case competitive ratio.

▶ What practical impacts could demand management have on the
operation of a 5GDHC system in realistic settings? We present a

detailed case study of 5GDHC systems in ten real neighborhoods

in Massachusetts, using reduced-order thermodynamics to model

the network and real-world data for heat demand and grid impacts.

Both variants of TANDEM are effective for solving OTNM in practice,

and their performance translates into cost savings of 44.1% com-

pared to the 5GDHC status quo of constant operation, emissions

reductions of 75.4% compared to natural gas heating, and reduc-

tions in daily peak electric load of 71.8% compared to uncoordinated

ASHP operation. We also study the potential of data center waste

heat integration, finding that sufficiently affordable waste heat is a

viable substitute for borehole fields in 5GDHC operations.

2 Background
We start by providing background on heat pumps and the distribu-

tion grid, 5GDHC systems, and demand response programs.

Heat Pumps. In contrast to forms of heating that rely on heat gen-

eration (e.g., via combustion or resistive electric heating), electric

heat pumps transfer heat from a source (e.g., air, ground, water) into

an indoor space using a vapor-compression refrigeration cycle [28].

From an efficiency perspective, heat pumps achieve a coefficient of
performance (COP) greater than 1, meaning they transfer multiple

units of heat for each unit of electricity consumed. Heat pumps

can also operate in “reverse,” providing cooling by transferring

heat out of a space. COP depends on the temperature difference

between the heat source and output—as a rule of thumb, smaller

differences yield better COPs [5]. Since ASHPs extract heat from out-

door air, their efficiency degrades as temperatures drop—units that

achieve COPs of 5 or higher in ideal conditions may see COPs drop
below 2 in very cold conditions [69]. For a fixed output, electric

consumption scales with 1/COP, so low COPs lead to extra load when

heating demand is highest—prior work has identified that limited

capacity in existing distribution grids is a key bottleneck to wide-

spread electrification, including ASHP adoption [12, 16, 76, 77]. On

the other hand, GSHPs leverage the observation that temperatures

just 1-2 meters underground remain relatively constant year-round

(e.g., above 5
◦
C in non-polar climates) [72]—this enables GSHPs to

achieve more stable high COPs, especially during cold weather [3].

5GDHC Thermal Networks. Fifth-generation district heating

and cooling (5GDHC) systems are an emerging HVAC technology

that connects a community of buildings via a shared underground

loop of uninsulated pipes containing a fluid (e.g., brine or water)

operating at ambient temperatures (e.g., 5-25
◦
C) [21]. Instead of

directly delivering high-temperature heat to buildings, GSHPs at

each building use the fluid loop as a heat source (for heating) or sink

(for cooling). 5GDHCs avoid the need for costly insulated distribu-

tion piping, and enable broader deployment of GSHPs without the

cost and space requirements of isolated ground loops or boreholes

at each building. 5GDHC networks are typically designed to inter-

connect with borehole fields to exchange heat with the ground—a

borehole is a vertical loop of pipe, between 100-200m in depth, that

leverages extremely stable deep ground temperature to provide a

heat source/sink when fluid is pumped through it [8, 18]. However,

owing to the ambient temperature of the network, 5GDHC systems

can also integrate with other heat sources/sinks, such as waste heat

from data centers or water treatment plants [70, 75].

Demand Response. Several demand response programs have

been proposed and implemented to manage the electric load of

2026-04-10 16:24. Page 2 of 1–33.
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Figure 1: Diagram of the OTNM problem at a single time step 𝑡 . The decision maker receives input data describing ➊ the electricity
price 𝑝𝑡 , ➋ system demand, base represented by b𝑡 and flexible represented by f𝑡 , ➌ the state of the underground thermal
network 𝑠𝑡 , and ➍ the current efficiency of heat sources/sinks attached to the pump station(s). In response, the decision maker
must specify a network management decision x𝑡 , which decides where and when to inject/extract heat from the underground
thermal loop, and a preheating/precooling decision z𝑡 , which decides when to satisfy flexible demands at customer homes.
HVAC systems, often via direct control or price-based incentives [26,

66]. In the U.S., utilities have deployed direct control programs

targeting cooling loads during summer peaks—these programs offer

discounted smart thermostats to participants in exchange for the

ability to reduce load during a few peak events each year—utilities

often precool homes before such events to minimize discomfort [63].

Alternatively, time-of-use prices charge customers higher rates

during peak hours (and vice-versa) to incentivize self-shifting [52].

In this work, we focus on the former type of control, where a

system operator can interface with smart thermostats to slightly

shift the timing of heating/cooling loads within occupant comfort

constraints. Typically considered in industrial contexts, demand

response programs can also adopt the form of regulation signals

or tracking targets sent by the electric grid to consumers at regular

intervals that describe consumption set points or adjustments to

help the grid in real-time [57]. In our problem formulation (see

Section 3), we model these via a tracking cost, wherein the operator

is penalized for deviating from externally-provided targets.

3 Problem and Preliminaries
In this section, we formalize the problem faced by a 5GDHC system

operator as online thermal network demand management (OTNM)
and state our assumptions. We summarize the key components of

OTNM in Fig. 1. Throughout, lowercase bold letters denote vectors,

and 1 denotes the all-ones vector of appropriate dimension.

3.1 Problem Formulation
Consider a 5GDHC with𝑚 pump stations and 𝑛 customers being

served over a time horizon 𝑇 . At each discrete time step 𝑡 ∈ [𝑇 ],
inputs that describe the system’s condition are revealed online. The

first set of inputs describes demand on the system: base demand
b𝑡 ∈ R𝑛 must be satisfied immediately at time 𝑡 , while flexible
demand f𝑡 ∈R𝑛 must be satisfied at any time step in the interval

[𝑡,Δ𝑖,𝑡 ] for customer 𝑖 ∈ [𝑛], where Δ𝑖,𝑡 > 𝑡 is a customer-specific

deadline. Flexible demands capture requests such as preheating or

precooling of buildings and houses, as reported by, e.g., occupancy-

aware smart thermostats. For both demand types, wemodel positive

values as heat requests and negative values as cooling requests.

The operator must make two decisions at each time step 𝑡 . First,

x𝑡 ∈R𝑚 is a network management decision that denotes how much

heat energy to inject into (resp. extract from) the network at each of

the𝑚 pump stations. While base demands (e.g., b𝑡 )must be satisfied
irrespective of the operator’s decisions, the operator has the ability

to decide when to satisfy flexible demands (e.g., f𝑡 ) within their

respective deadlines. Thus, the second decision z𝑡 ∈R𝑛 denotes how
much of the flexible demand to satisfy at time 𝑡—i.e., how much

to preheat or precool at each customer at time 𝑡 . Both decisions

are subject to physical constraints based on the capabilities of the

pump stations and the ground-source heat pump (GSHP) at each

customer—wemodel these as feasible sets x𝑡 ∈X𝑡 and 𝑧𝑖,𝑡 ∈ [−𝜔𝑖 ,𝜔𝑖 ],
where 𝜔𝑖 is the max. heating/cooling rate of customer 𝑖’s GSHP.

The thermal network has an effective capacity of 𝑆 units of ther-

mal energy based on allowable temperatures for the fluid circulating

within.
1
A thermodynamic modelM describes its evolution over

time—this model can be simple (e.g., approximating the network’s

state of charge as if it were a battery) or complex (e.g., capturing

the full physics of fluid flow in the network). In practice, a common

choice is a linearized nodal model that represents the network as

a graph with nodes of thermal capacities and edges representing

pipes, capturing basic heat loss and propagation delays [64, 67].

GivenM, we describe the time-varying network state as 𝑠𝑡 ∈ [0, 𝑆],
representing the amount of energy stored in the network at time 𝑡 .

The operator’s goal is to satisfy all demand and manage the

thermal network’s constraints over time while minimizing an oper-
ational cost consisting of three components: (i) the cost of managing

the network, (ii) the cost of satisfying demand at customers’ homes,

and (iii) a tracking cost that encourages “grid-healthy” targets for
electricity usage. At each time 𝑡 , the operator receives online inputs

that describe conditions affecting these. The first is an electric-
ity price, denoted by 𝑝𝑡 . Second, a vector g𝑡 ∈ R𝑚+ describes the

time-varying inverse efficiency of each pump station in converting

electricity (e.g., driving pumps, compressors) into thermal energy

(this can vary over time based on, e.g., borehole and outside air

temperatures). A base demand efficiency function 𝑐 (𝑏 ) describes the
energy needed to satisfy base demand at each customer at time 𝑡 ,

while a preheating/precooling efficiency function 𝑐
(𝑓 )
𝑡 captures the

same for flexible demand. The function 𝑐
(𝑓 )
𝑡 additionally captures

thermal losses—e.g., if a house is preheated 6 hours early, some heat

will be lost before the deadline. Finally, the operator receives track-
ing targets (from, e.g., the electric grid) for both decisions, denoted

1
E.g., 10,000 liters of water allowed to vary between 10

◦
-20
◦
C can store ≈116 kWh.
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by x̃𝑡 and z̃𝑡 . These represent desired usage patterns that promote

grid stability (such as avoiding peaks) and the operator incurs a

cost of 𝜂 and 𝛾 (respectively) for deviating from them [1]. An offline

formulation of OTNM illustrating the costs and constraints is below.

min

{x𝑡 ,z𝑡 }𝑡 ∈ [𝑇 ]

𝑇∑︁
𝑡=1

𝑝𝑡

(
g⊤𝑡x𝑡 +𝑐 (𝑏) (b𝑡 )+𝑐

(𝑓 )
𝑡 (z𝑡 )

)
+𝜂 ∥x𝑡 − x̃𝑡∥1+𝛾 ∥b𝑡 +z𝑡 − z̃𝑡∥1

s.t. 𝑠𝑡 ← M(𝑠𝑡−1, x𝑡 , b𝑡 , z𝑡 ) with 𝑠𝑡 ≥ 0 ∀𝑡 ∈ [𝑇 ],
1⊤x𝑡 ≤ max{𝑆 − 𝑠𝑡−1 + 1⊤ (bt + z𝑡 ), 1⊤ (z𝑡 ) } ∀𝑡 ∈ [𝑇 ],

min

{
0,

∑︁
𝜏≤𝑡 :Δ𝑖,𝜏≥𝑡

𝑓𝑖,𝜏

}
≤𝑧𝑖,𝑡 ≤ max

{
0,

∑︁
𝜏≤𝑡 :Δ𝑖,𝜏≥𝑡

𝑓𝑖,𝜏

}
∀𝑡 ∈ [𝑇 ],∑︁Δ𝑖,𝑡

𝜏=𝑡
𝑧𝑖,𝜏 = 𝑓𝑖,𝑡 ∀𝑖 ∈ [𝑛], ∀𝑡 ∈ [𝑇 ],

x𝑡 ∈ X𝑡 and 𝑧𝑖,𝑡 ∈ [−𝜔𝑖− 𝑏𝑖,𝑡 , 𝜔𝑖− 𝑏𝑖,𝑡 ] ∀𝑖 ∈ [𝑛], ∀𝑡 ∈ [𝑇 ],

max{0, 𝑓𝑖,𝑡} ≤
∑︁Δ𝑖,𝑡

𝜏=𝑡
1⊤x𝜏 , ∀𝑖 ∈ [𝑛] ∀𝑡 ∈ [𝑇 ],

𝑠0 ≤ 𝑠𝑇 and 0 ⪯ x𝑡 ∀𝑡 ∈ [𝑇 ] .

While we focus on a tracking cost model for simplicity, we remark

that various other “smoothing costs” could be used in OTNM, such as

switching costs that penalize changes in decisions over time [7]—

our results can be extended to other such models as well.

As outlined in the formulation, OTNM is subject to several con-

straints for all 𝑡 ∈ [𝑇 ]. In order, they are as follows: First, the network
state 𝑠𝑡 evolves according to the thermodynamic model based on

the previous state, decisions, and demand: 𝑠𝑡←M(𝑠𝑡−1, x𝑡 , b𝑡 , z𝑡 ),
with the constraint that 𝑠𝑡 ≥ 0 (i.e., minimum charge level) for all

𝑡 ∈ [𝑇 ]. Next, the energy injected into (resp. extracted from) the

network, i.e., x𝑡 , should reflect the current state of the network—if

the network is discharged (𝑠𝑡−1 ≈ 0), then the operator can inject

energy up to the shiftable capacity (i.e., 𝑆 − 𝑠𝑡−1) plus the amount

of energy needed to satisfy demand at time 𝑡 . Conversely, if the

network is already charged (𝑠𝑡−1 ≈ 𝑆), then the operator can only

inject energy to satisfy flexible demand actively being served (i.e.,

z𝑡 ). Preheating/precooling decisions at the 𝑖th customer must sat-

isfy two constraints: first, at time 𝑡 , we are allowed to satisfy any

outstanding flexible demand for that customer that has arrived but

is not past due—this is captured by min{0,∑𝜏 :Δ𝑖,𝜏 ≥𝑡 𝑓𝑖,𝜏 } ≤ 𝑧𝑖,𝑡 ≤
max{0,∑𝜏 :Δ𝑖,𝜏 ≥𝑡 𝑓𝑖,𝜏 }. Second, the cumulative preheating and pre-

cooling for any 𝑖th customer’s flexible demand request must satisfy

the request before its deadline—this is captured by

∑Δ𝑖,𝑡
𝜏=𝑡 𝑧𝑖,𝜏 = 𝑓𝑖,𝑡 .

Intuitively, all decisions must lie within their feasible sets.

The final two constraints depend on the sign of the net demand

(see Asm. 3.9 for more discussion). If the net demand over the time

horizon is positive (meaning the network “requires” heating over-

all), then the operator must ensure that enough energy is injected

during the lifetime of positive flexible demand requests to satisfy

it (captured by max{0, 𝑓𝑖,𝑡 } ≤
∑Δ𝑖,𝑡
𝜏=𝑡 1

⊤x𝜏 ), and the final state of the

network must be at least as charged as the initial state (i.e., 𝑠0 ≤ 𝑠𝑇 ).
If the aggregate demand over the time horizon is negative (i.e., the

network “requires” cooling overall), then the above are reversed.

While the above captures the offline version of the problem, our

goal is to design an online algorithm that makes decisions x𝑡 and
z𝑡 without knowledge of future inputs {𝑝𝜏 , g𝜏 , 𝑐 (𝑓 )𝜏 , b𝜏 , f𝜏 , x̃𝜏 , z̃𝜏 }𝜏>𝑡 .
We evaluate such an algorithm using competitive ratio [45]:

Definition 3.1 (Competitive Ratio). Let OPT(I) denote the optimal

offline cost for an OTNM instanceI, and let ALG(I) denote the cost of

an online algorithm ALG on the same instance. ALG is 𝛼-competitive

if for all I, ALG(I) ≤𝛼OPT(I)+𝐶 , where 𝛼 ≥ 1 is the competitive

ratio and 𝐶≥0 is a constant independent of the instance I.
Note that a smaller competitive ratio is better. This is a worst-case
metric, since it must hold for all instances, including adversarial

ones. As a result, competitive bounds provide strong guarantees

against nonstationarity in the environment, which is crucial for

reliable operation of real-world systems such as 5GDHCs—as one

example, electricity prices are known to be volatile and nonstation-

ary [58]. However, algorithms purely optimized for the worst-case

can be overly conservative in practice—to address this, in Section 5,

we leverage techniques to learn an improved algorithm from data,

minimizing average-case cost while preserving the worst-case guar-

antees against nonstationarity that are useful in practice.

3.2 Assumptions
To design algorithms for OTNM, we make the following assumptions.

We typically assume 𝑇 (the time horizon) is known a priori.

Assumption 3.2. Electricity prices are bounded within a known
range: 𝑝min≤𝑝𝑡 ≤𝑝max for all 𝑡 ∈ [𝑇 ], where 0<𝑝min≤𝑝max <∞.
This is a common assumption in literature on related online prob-

lems such as online search [15, 39] and is necessary for a bounded

competitive ratio. Note that these prices correspond to a cost per

unit of electrical energy (e.g., kWh) consumed.

Assumption 3.3. Each element of the efficiency vectors is bounded
in a known range: 0<𝑔min≤𝑔 𝑗,𝑡≤𝑔max≤1 for all 𝑡 ∈ [𝑇 ] and 𝑗 ∈ [𝑚].2

Intuitively, 𝑔 𝑗,𝑡 represents the efficiency of pump station 𝑗 at time 𝑡 :

how much electricity is needed to move one unit of thermal energy.

This can vary over time as, e.g., borehole temperatures fluctuate,

exterior air temperature changes, etc. Throughout the paper, we let

𝜆min=𝑝min𝑔min and 𝜆max=𝑝max𝑔max denote bounds on the marginal

cost of energy injected into (or extracted from) the network.

Assumption 3.4. While the network modelM is arbitrary, given
a fixed time horizon 𝑇 , we assume there exists a loss factor 𝐿 ∈ [0,1)
such that evolution satisfies 𝑠𝑇 ≥ 𝑠0+

∑𝑇
𝑡=1
(1⊤x𝑡 − 1⊤ (b𝑡+f𝑡 )) − 𝐿𝑆 .

Also, state 𝑠𝑡 =0 corresponds to the case where the network is at or
below ground temperature (eliminating further heat loss).

Asm. 3.4 essentially states that the network’s thermodynamics

M must satisfy basic properties for a given time horizon 𝑇 . In

particular, the inequality (𝑠𝑇 ≥ 𝑠0 + injected heat− extracted heat−
loss) must hold for some loss factor bounded away from 1, meaning

that the network can be approximated as a “lossy battery.” This

simplifies the treatment of the network’s otherwise complicated

physics from an algorithm perspective, while remaining realistic

for 5GDHC systems in practice.

Assumption 3.5. Given pump station capabilities (feasible sets
{X𝑡 }𝑡∈[𝑇 ] ) and demand sequences {b𝑡 , f𝑡 }𝑡∈[𝑇 ] , it is always possible
to satisfy network constraints (i.e., 𝑠𝑡 ≥ 0 ∀𝑡 ∈ [𝑇 −1] and 𝑠𝑇 ≥ 𝑠0).
Further, given customer GSHP capabilities (rate constraints given by
𝜔𝑖 ), flexible demands are satisfiable at the deadline (i.e., 𝑧𝑖,Δ𝑖,𝑡 = 𝑓𝑖,𝑡 )).
Asm. 3.5 is necessary for the feasibility of OTNM and true in practice—
networks are sized appropriately to meet demand, and flexible

demands can be defined with satisfiability in mind.

2
Note that 𝑔max ≤ 1 since “backup” resistive electric heating has an efficiency of 1.
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Assumption 3.6. In OTNM, we assume that the coefficient of perfor-
mance (COP) of each home’s GSHP is static over time and known. The
function 𝑐 (𝑏 ) is defined as 𝑐 (𝑏 ) (b𝑡 ) :=

∑𝑛
𝑖=1

1

COP𝑖
|𝑏𝑖,𝑡 |, where COP𝑖 ≥ 1

is a conservative estimate of the COP of customer 𝑖’s heat pump.
Assumption 3.7. Given a flexible demand 𝑓𝑖,𝑡 with deadline Δ𝑖,𝑡 ,

𝑐
(𝑓 )
𝑖,𝑡

satisfies the following. If the demand is satisfied at its deadline,
the electricity needed is equivalent to satisfying base demand (i.e.,
𝑐
(𝑓 )
𝑖,Δ𝑖,𝑡
(𝑓𝑖,𝑡 ) = 1

COP𝑖
|𝑓𝑖,𝑡 |). Further, for any 𝜏1,𝜏2 ∈ [𝑡,Δ𝑖,𝑡 ] where 𝜏1 < 𝜏2,

we have 𝑐 (𝑓 )
𝑖,𝜏1

(𝑓𝑖,𝑡 ) ≥ 𝑐 (𝑓 )𝑖,𝜏2

(𝑓𝑖,𝑡 ) (i.e., satisfying the demand earlier is
at least as difficult as satisfying it later).
We let 𝑟 denote the ratio between the efficiency of GSHPs and

the efficiency of managing the thermal network—it is defined as

𝑟 :=
𝑐max

𝑔
min

, where 𝑐max
:=max𝑖∈[𝑛]

1

COP𝑖
is the worst GSHP COP (i.e., at

any home), and 𝑔min is the best-case efficiency of any pump station

in managing the thermal network (see Asm. 3.2).

Assumption 3.8. Tracking cost coefficients 𝜂 and 𝛾 must satisfy
𝜂 ≤ (𝜆max−𝜆min

)/2 and 𝛾 ≤ (𝜆max𝑟−𝜆min
𝑟 )/2.

When 𝜂 and 𝛾 are “too large,” tracking costs overwhelm the other

corresponding costs in the objective, making algorithm design sim-

ple (i.e., one should always match the tracking targets).

3.3 Opposing Demands
In OTNM, a component that has not been addressed in prior literature

on related online problems is the presence of opposing demands: in
any instance, some demands might be for heating (positive values)

while others might be for cooling (negative values). This is intuitive

in real-world systems—different customers can request heating and

cooling at the same time. However, they introduce new challenges

for analysis. Since heating demands remove heat from the network

while cooling demands add heat, a demand sequence can “trick”

an algorithm into making decisions that are difficult to analyze in

hindsight—for example, an adversary can trick an algorithm into,

e.g., purchasing heat to charge the network, only to follow up with

large cooling demands that render these purchases “wasted.”

While demand sequences are uncertain, they are not adversarial

in practice—in particular, the 5GDHC operator likely has a good

prior about what kind of network management is needed over a

short time horizon (e.g., if 𝑇 is a single day)—for example, in the

Northern Hemisphere, a day in January will require heat to be

added to the network, and a day in July will require the opposite.

To formalize this intuition and mitigate the adversarial challenge

of opposing demands in our analysis, we assume:

Assumption 3.9. For any instance I of OTNM, denote the total
net demand over the entire time horizon as 𝐷 :=

∑𝑇
𝑡=1

1⊤ (b𝑡+f𝑡 ). We
assume that an online algorithm for OTNM knows whether 𝐷 > 0 (net
heating demand) or 𝐷 < 0 (net cooling demand) a priori.
Using Asm. 3.9, we can focus our algorithmic decisions accordingly:

For example, if 𝐷 reflects net heating demand, then an algorithm

should focus on adding heat to the network—this is captured by

x𝑡 ⪰0 ∀𝑡 ∈ [𝑇 ] and 𝑠0≤𝑠𝑇 . Conversely, if 𝐷 reflects cooling demand,

then an algorithm should focus on extracting heat from the network

over time, captured by x𝑡 ⪯0 ∀𝑡 ∈ [𝑇 ] and 𝑠0≥𝑠𝑇 .
We note that these cases do not preclude providing heating or

cooling to customers at any time—ground-source heat pumps at

customer homes can be used for either heating or cooling regardless

of𝐷 . Rather, the purpose of Asm. 3.9 is to smooth over routine intra-

day fluctuations in demand for the sake of competitive analysis. As

an example, consider a case with a subperiod of heating demand

followed by a subperiod of cooling demand—in practice, such a

case is actually ideal for 5GDHCs, since the heat injected into the

network during the first subperiod can be extracted during the

second subperiod, reducing the network management cost to near-

zero.
3
In such a case, an algorithm should not “overfit” its decisions

to these short-term fluctuations in demand, since these are difficult

to analyze in hindsight and not adversarial in practice—Asm. 3.9

ensures that our algorithm analysis can focus on the case where our

total instance cost (i.e., for network management) is directionally

aligned w.r.t. that of the optimal offline solution.

We also note that the sign of 𝐷 can typically be estimated in

advance with high probability from seasonality and weather data,

so algorithms using this assumption remain effective. We formalize

this in the following theorem.

Theorem 3.10. Given a data set S of 𝑁 historical instances of
OTNM, PAC generalization guarantees existence of a classifier predict-
ing the sign of 𝐷 whose misclassification rate is bounded by 𝛿 with
probability at least 1−𝜅 over the random draw of the data set.

For a new instance I of OTNM, an 𝛼-competitive ALG that uses the
predicted sign for Asm. 3.9 satisfiesE[ALG(I)] ≤ (𝛼+(𝜁 −𝛼)𝛿)OPT(I)
+𝐶 with probability at least 1−𝜅, where 𝜁 =𝑂

(
𝜆max+𝜂+𝛾
𝜆

min

)
is the com-

petitive ratio of an algorithm that only ensures feasibility.
The proof relies on known PAC generalization bounds combined

with an analysis of an algorithm that only ensures feasibility with-

out optimizing cost (i.e., a “fallback” used when the sign of 𝐷 is

misclassified). The value of 𝜅 >0 can be specified, but the prediction

error 𝛿 depends on the dataset and prediction task—in practice, 𝛿

can be empirically estimated for a given 𝜅 (e.g., using a held-out test

set). We defer more discussion and the full proof to Appendix B.1.

4 Algorithm Design and Guarantees
In this section, we present a distributed online algorithm called

Thermal Accounting for Network-Distributed EnergyMediation

(TANDEM) for solving OTNM. We describe TANDEM in Section 4.1 and

analyze its competitive ratio in Section 4.2.

4.1 The TANDEM algorithm
The core ideas of TANDEM build on a long line of work on online prob-
lems such as load shifting that leverage an algorithmic framework

known as pseudo-cost minimization [7, 38, 68]. In this framework,

an algorithm maintains a state-dependent threshold function that

guides its decisions by defining the “prices” at which it is willing to

take certain actions. This function is designed to capture a trade-off
between costs now and worst-case future costs, driving decisions

that guarantee a bounded competitive ratio.

OTNM’s challenges complicate the design of such an algorithm—

existing threshold-based techniques are designed for problems with

known demand (such as one-way trading [7, 15]) where the algo-

rithm knows how much energy it will need to purchase, and only

decides when (i.e., at what price) to purchase. Furthermore, the

3
In seasons where both heating and cooling are needed, 5GDHC thermal inertia allows

them to “self-regulate”: they can operate with little external energy input [67].

2026-04-10 16:24. Page 5 of 1–33.
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Figure 2: Diagram of the intuition behind the TANDEM algorithm at a single time step. Given the current demand (base b𝑡 and
flexible f𝑡 ), TANDEM creates drivers that make decisions as follows: ➊ if customer 𝑖 has a flexible demand (with deadline Δ𝑖,𝑡 ), a
distributed driver is created that decides when to preheat/precool this home. ➋ if customer 𝑖’s flexible demand is aligned with
the sign of the net demand, a local module is created to manage the thermal network accordingly. Finally, ➌ depending on the
current network state (𝑠𝑡−1), a base driver is created to manage the thermal network in response to aggregate demand (1⊤b𝑡 ).
network’s state dynamics and the presence of both positive and
negative demands (i.e., heating and cooling loads) are unique to

OTNM and require an algorithm to account for situations that impact

the total amount of network management needed.

To tackle the first challenge, TANDEM generalizes a partitioning
technique introduced by [78] that was extended to pseudo-cost

minimization by [38]. Newly arrived units of (base or flexible) de-

mand instantiate “drivers” that perform two important functions: (i)
they allow TANDEM to account for the total demand that has arrived

over time in a granular way, and (ii) they generate decisions for

subproblems that are aggregated into global decisions. To tackle the

second challenge, we leverage two facts—first, Asm. 3.4 guarantees

that network state evolution is “well-behaved” in the sense of be-

ing approximable as a lossy battery, which significantly simplifies

the needed accounting for “charging/discharging” decisions. The

presence of both positive and negative demands is a significant

departure from prior applications of this partitioning technique,

which were applied to unidirectional problems such as load shift-

ing. In those problems, driver-like partitions are instantiated to

account for every unit of arriving demand. In contrast, TANDEM im-

plements an “active” driver creation loop that considers the sign

of the net demand 𝐷 and the time-varying network state at each

step—this imposes conditions on when drivers are created, which

allows TANDEM to selectively ignore certain units of demand (e.g., if

the network’s state has already been preheated by previous cooling

demand, the network is effectively “self-regulating” and additional

heating demand does not require further management, hence new

drivers are not created). Below, we describe TANDEM in detail.

Driver Types. TANDEM uses two types of drivers to specify net-

work management decisions and preheating/precooling decisions.

The first type is base drivers (denoted by set B), which the base

demand that arrives over time—these drivers focus on managing

the network state to replenish thermal energy that has been used

by homes. The second type is flexible drivers (denoted by set F ),
which correspond to individual flexible demands at each customer,

and are responsible for two actions. Flexible drivers are primarily

implemented in a distributed manner at the customer level (e.g., at

smart thermostats), where they make decisions about how much

of the (preheating/precooling) demand to satisfy at each time step,

given prices and tracking targets communicated from the central

controller. If a given flexible demand is aligned with the sign of the

net demand 𝐷 , (e.g., heating demand when net demand is positive),

a local module at the operator also makes network management

decisions during its lifetime to satisfy it at low cost. In Fig. 2, we il-

lustrate the main intuition behind TANDEM’s state-dependent driver
creation process and how demand-specific drivers become decision-

making modules that generate TANDEM’s aggregate actions.
At initialization, TANDEM creates a manager driver (a special base

driver with index 0) responsible for managing overall network state,

especially preheating the network to anticipate demand that may

arrive. This driver is assigned size 𝑑0 =𝑆 − 𝑠0 (the energy needed

to fill the network to capacity). At each time step 𝑡 ∈ [𝑇 ], TANDEM
creates new drivers as follows. Base demand is aggregated into a

single demand value 1⊤b𝑡 ; if this is positive and the network is not

already preheated (i.e., 𝑠𝑡−1 <𝑆), a new base driver with index 𝑡+𝑛
and size 𝑑𝑡+𝑛 =1⊤b𝑡 is created to manage it. If any 𝑓𝑖,𝑡 is nonzero, a

new flexible driver with index 𝑖 , size 𝑑𝑖 = 𝑓𝑖,𝑡, and deadline Δ𝑖 =Δ𝑖,𝑡 is
created to manage this demand in a distributed manner.

Base driver 𝑖 (and flexible local modules, if applicable) makes

decisions governed by a network management threshold 𝜙𝑖 (𝑤) that
depends on the amount of energy purchased so far𝑤𝑖 ∈ [0, 𝑑𝑖 ]:

Definition 4.1. For a driver 𝑖 with size 𝑑𝑖 , 𝜙𝑖 is defined as follows,

where 𝛼 is the competitive ratio (defined in (3)):

𝜙 (𝑤 ) = 𝜆max + 2𝜂 +
(𝜆max + 2𝜂

𝛼
− 𝜆max

)
exp

( 𝑤
𝛼𝑑𝑖

)
: 𝑤 ∈ [0, 𝑑𝑖 ] . (1)

Analogously, each distributed flexible drivermakes preheating/precooling

decisions governed by a delivery threshold 𝜓𝑖 (𝑣), which depends on

the demand satisfied by driver 𝑖 so far, 𝑣𝑖 ∈ [0, |𝑑𝑖 |]:
Definition 4.2. For a flexible driver 𝑖 with size 𝑑𝑖 ,𝜓𝑖 is defined as:

𝜓 (𝑣) = 𝜆max𝑟 + 2𝛾 +
(𝜆max𝑟 + 2𝛾

𝛼
− 𝜆max𝑟

)
exp

(
𝑣

𝛼𝑑𝑖

)
: 𝑣 ∈ [0, 𝑑𝑖 ] . (2)

Throughout the rest of the paper, we use the shorthand notation

Φ(𝑤1,𝑤2) :=
∫ 𝑤2

𝑤1

𝜙 (𝑢)𝑑𝑢 : 𝑤1 ≤𝑤2 and Ψ(𝑣1,𝑣2) :=
∫ 𝑣2

𝑣1

𝜓 (𝑢)𝑑𝑢 :

𝑣1≤𝑣2 to denote the definite integrals of threshold functions.

Algorithm Operation. We now describe the operation of the

TANDEM algorithm in detail; the main pseudocode is provided in Alg.

2, and a subroutine for (distributed) household-level decisions is

provided in Alg. 1. Each driver created by TANDEMmakes individual

decisions based on its own state and threshold function—these

subdecisions are then aggregated into global actions (e.g., x𝑡 ←∑
𝑖∈B∪F x𝑖,𝑡 (elementwise), z𝑡 ← {𝑧1,𝑡 , . . . , 𝑧𝑛,𝑡 }).
TANDEM receives tracking targets that specify desired network

management and preheating/precooling actions. In the case of the

2026-04-10 16:24. Page 6 of 1–33.
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Algorithm 1 Pseudo-cost Minimization Subroutine for Flexible Demand at TANDEM Customer (HouseholdDecision)

1: input: customer index 𝑖 , demand size 𝑑𝑖 , decision cost 𝑝𝑡𝑐
(𝑓 )
𝑖,𝑡

, tracking cost coeff. 𝛾 , tracking target 𝑧𝑖,𝑡 , threshold Ψ, GSHP capability 𝜔𝑖 .

2: compute feasible set Z𝑖,𝑡 : if 𝑑𝑖 < 0, then Z𝑖,𝑡 ← [max{−𝜔𝑖− 𝑏𝑖,𝑡 , 𝑑𝑖 + 𝑣𝑖,𝑡−1}, 0]; else Z𝑖,𝑡 ← [0,min{𝜔𝑖− 𝑏𝑖,𝑡 , 𝑑𝑖 − 𝑣𝑖,𝑡−1} ]
3: solve 𝑧𝑖,𝑡 ← argmin𝑧∈Z𝑖,𝑡 𝑝𝑡𝑐

(𝑓 )
𝑖,𝑡
|𝑧 | + 𝛾 |𝑏𝑖,𝑡 + 𝑧 − 𝑧𝑖,𝑡 | − Ψ𝑖 (𝑣𝑖,𝑡−1, 𝑣𝑖,𝑡−1 + |𝑧 | ) , update delivery state: 𝑣𝑖,𝑡 = 𝑣𝑖,𝑡−1 + |𝑧𝑖,𝑡 |

4: if Δ𝑖 = 𝑡 then 𝑧𝑖,𝑡 ← 𝑑𝑖 − sign(𝑑𝑖 ) · 𝑣𝑖,𝑡−1 ⊲ satisfy any remaining demand at deadline

5: output: 𝑖th customer’s decision for time step 𝑡 : 𝑧𝑖,𝑡

Algorithm 2 Thermal Accounting for Network-Distributed EnergyMediation (TANDEM) Algorithm for OTNM

1: input: Network thermal capacity 𝑆 , thermodynamic modelM, tracking cost coefficients 𝜂,𝛾 , threshold functions Φ,Ψ
2: initialize: Initial network state 𝑠0 ∈ [0, 𝑆 ], decisions x0 ← 0, z0 ← 0, driver sets B ← ∅, F ← ∅
3: for 𝑡 = 1 to𝑇 observe inputs 𝑝𝑡 , g𝑡 , 𝑐

(𝑓 )
𝑡 , b𝑡 , f𝑡 ,𝚫𝑡 , x̃𝑡 , z̃𝑡 , X𝑡 do

4: if 𝑠𝑡−1 = 0 or 1⊤b𝑡 > 𝑆 then create manager driver with index 0, size 𝑑0 = 𝑆 ; B ← {0} ⊲ refresh base drivers and network manager driver

5: if 0 < 1⊤b𝑡 < 𝑆 and 𝑠𝑡−1 ≤ 𝑆 then create base driver with index 𝑡+𝑛, size 𝑑𝑡+𝑛 = 1⊤b𝑡 ; B ← B ∪ {𝑡+𝑛}
6: for each customer 𝑖 ∈ [𝑛] if 𝑓𝑖,𝑡 ≠ 0 then do ⊲ create driver for each new flexible demand

7: create flexible driver 𝑖: 𝑑𝑖 ← 𝑓𝑖,𝑡 , Δ𝑖 ← Δ𝑖,𝑡 ; F ← F ∪ {𝑖 }
8: initialize feasible decision set

¯X𝑡 ← X𝑡 ⊲ tracks network management decisions to ensure feasibility

9: for each active driver 𝑖 ∈ F do
10: send to customer 𝑖: 𝑝𝑡𝑐

(𝑓 )
𝑖,𝑡

, 𝑧𝑖,𝑡 ; receive 𝑧𝑖,𝑡 ← HouseholdDecision(𝑖, 𝑑𝑖 , 𝑝𝑡𝑐 (𝑓 )𝑖,𝑡
, 𝛾, 𝑧𝑖,𝑡 , Ψ𝑖 )

11: if Δ𝑖 = 𝑡 and 𝑑𝑖 > 0 then set x𝑖,𝑡 s.t. 1⊤x𝑖,𝑡 = 𝑑𝑖 − 𝑤𝑖,𝑡−1; update ¯X𝑡 ← ¯X𝑡 \ {x𝑖,𝑡 } ⊲ satisfy any remaining demand at deadline

12: for each active driver 𝑖 ∈ B ∪ F, Δ𝑖 ≠ 𝑡 , sorted by 𝑤𝑖,𝑡−1/𝑑𝑖 do
13: compute pseudo-target x̃𝑖,𝑡 ← x̃𝑡 ·

𝑑𝑖 −𝑤𝑖,𝑡−1∑
𝑗 ∈B∪F 𝑑 𝑗 −𝑤𝑗,𝑡−1

⊲ allocate proportional tracking targets

14: solve x𝑖,𝑡 ← argminx∈ ¯X𝑡 𝑝𝑡g
⊤
𝑡 x + 𝜂 ∥x − x̃𝑖,𝑡 ∥1 − Φ𝑖 (𝑤𝑖,𝑡−1, 𝑤𝑖,𝑡−1 + 1⊤x) , update ¯X𝑡 ← ¯X𝑡 \ {x𝑖,𝑡 }; 𝑤𝑖,𝑡 ← 𝑤𝑖,𝑡−1 + 1⊤x𝑖,𝑡

15: aggregate network management decisions: x𝑡 ←
∑
𝑖∈B∪F x𝑖,𝑡 and flexible decisions from households z𝑡 ← {𝑧1,𝑡 , 𝑧2,𝑡 , . . . , 𝑧𝑛,𝑡 }

16: if 1⊤ (b𝑡 + z𝑡 ) − 1⊤ (x𝑡 ) − 𝑠𝑡−1 < 0 then increase x𝑡 to meet demand (i.e., until LHS > 0)

17: if 𝑡 =𝑇 and 𝑠𝑡−1 + 1⊤ (x𝑡 ) − 1⊤ (b𝑡 + z𝑡 ) < 𝑠0 then increase x𝑡 to restore network to initial state 𝑠0

18: update network state: 𝑠𝑡 ← M (𝑠𝑡−1, x𝑡 , b𝑡 , z𝑡 ) and refresh drivers: remove 𝑖 from B if 𝑤𝑖,𝑡 = 𝑑𝑖 , from F if Δ𝑖 = 𝑡

19: output: Purchase decisions {x𝑡 }𝑇𝑡=1
, delivery decisions {z𝑡 }𝑇𝑡=1

network management target x̃𝑡 , the tracking cost applies to deci-
sions across multiple drivers—to address this, we define pseudo-
targets that distribute the target (elementwise) across all active

drivers based on their outstanding demand (see Line 13 of Alg. 2).

The core of TANDEM’s decision-making is the pseudo-cost mini-
mization problem (Line 14 in Alg. 2 and Line 3 in Alg. 1). In this

problem, the first two terms correspond to the actual cost that will

be incurred for an action under consideration (e.g., 𝑧 or x), while the
final term (a definite integral of the relevant threshold) encourages
good decisions: when the marginal cost of an action is lower than

the threshold value at the current state, the final term incentivizes

taking that action; otherwise, it waits for better conditions in the

future. This enables TANDEM’s bounded competitive ratio.

We remark that while TANDEM’s definition is involved due to the

inherent complexity and requirements of OTNM, its computational

burden (i.e., computing solutions to convex programs) is light, mak-

ing it practical for real systems. In Appendix A.5, we demonstrate

that TANDEM’s overhead is small—it can be implemented efficiently

on low-power devices such as smart thermostats.

4.2 Competitive Guarantees
We now analyze the TANDEM algorithm defined in Section 4.1, pro-

viding bounds on its competitive ratio. We show that TANDEM is

𝛼-competitive (see Theorem 4.3), which is the best possible for OTNM
as shown in Theorem 4.4. Our main result is below—we give a proof

sketch here and relegate the full proof to Appendix B.2.

Theorem 4.3. TANDEM is 𝛼-competitive for OTNM, where 𝛼 is de-
fined as follows.𝑊 denotes the Lambert𝑊 function [11]; 𝜇 is defined
as 𝜇 :=

2𝛾

𝑟
when 𝜂 ≤ 𝛾

𝑟
and 𝜇 :=

2𝜂+2𝛾

1+𝑟 otherwise.

𝛼 :=

[
𝜆max

𝜇 + 𝜆max

+𝑊
(
−

exp

(
− 𝜆max

𝜇+𝜆max

) (
𝜆max − 𝜆min

)
𝜇 + 𝜆max

)]−1

. (3)

Proof Sketch. We start by showing that TANDEM generates a

feasible solution (Lemma B.1), which follows by definition. Next, we

lower bound the cost of OPT (Lemma B.3) and upper bound the cost

of TANDEM (Lemma B.4)—to obtain these, we partition an instance

into active and inactive periods (Def. B.2) based on the state of

the network in TANDEM’s solution—combined with properties of

the threshold functions, this gives a granular accounting of costs

incurred by both solutions over time. Due to the presence of both

positive and negative demands in OTNM, we must then carefully

bound how the procurement amount of TANDEM relates to that of
OPT over the entire instance (Lemma B.7), which relies on Asm.

3.4. By showing that TANDEM’s procurement is an additive constant

away from OPT in the worst case, we can use pseudo-cost techniques
to compare the costs of both solutions using a relation between the

threshold functions and their integrals (Lemmas B.5 & B.6). The

rest follows by contradiction—as long as these threshold relations

hold, the competitive ratio is at most 𝛼 . □

We note that although the loss factor 𝐿 (from Asm. 3.4) does not

appear in the above competitive bound, it is charged to a constant

in the proof and helps account for TANDEM’s total procurement

2026-04-10 16:24. Page 7 of 1–33.
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relative to OPT. Given the results of Theorem 4.3, a natural follow-

up question is whether any online algorithm can achieve a better

competitive ratio for OTNM—we answer this in the negative, giving

a proof sketch below (full proof in Appendix B.3):

Theorem 4.4. A set of OTNM instances exists for which no deter-
ministic online algorithm is better than 𝛼-competitive (𝛼 as in (3)).

Proof Sketch. To show this result, we construct a family of

adversarial instances (Def. B.10) where the network management

cost and preheating/precooling cost decrease over time, down to

a “best price” parameterized by 𝑥 ∈ [𝜆min,𝜆max]. These instances
consist of one pump station (𝑚 = 1) and two customers (𝑛 = 2)

with a single flexible demand each. Parameter 𝑃 ∈ (0, 1] controls
the ratio of net demand to absolute demand (i.e., when 𝑃 → 0,

the two demands nearly cancel each other out, and when 𝑃 = 1,

the demands are both positive). Under these special instances, we

show that the cost of any deterministic ALG can be described using

arbitrary functions ℎ(𝑥),𝑚(𝑥) : [𝜆min,𝜆max] → [0, 1] that capture
ALG’s network management and delivery decisions at price level

𝑥 . For ALG to be 𝛼★-competitive, these functions must satisfy an

inequality whose solution yields a lower bound on the competitive

ratio of 𝛼 (matching (3)). Two cases for 𝜇 follow from solving for

the “worst-case” 𝑃 as a function of the problem’s parameters. □

Recall that Asm. 3.6 is a simplifying assumption for analysis of OTNM
that models the COP of each customer’s GSHP as static over time.

In reality, COP varies with the temperature of the heat source/sink,

which in turn depends on network state 𝑠𝑡 . In the following, we

extend our competitive analysis to consider the optimal solution of

a more detailed model capturing the state-dependent dynamic COP
of each GSHP. Recall 𝑐max is the maximum inverse COP in OTNM (i.e.,
the worst-case GSHP efficiency in the static model). Letting COP𝑖 (𝑠)
denote the (state-dependent) COP of GSHP 𝑖 when the network is

in state 𝑠 , we let 𝑐min
:=min𝑖∈[𝑛],𝑠∈[0,𝑆 ]

1

COP𝑖 (𝑠 ) denote the minimum

inverse COP across all customers and states, corresponding to the

best-case GSHP efficiency in a state-dependent model. Then:

Corollary 4.5. TANDEM is 𝛼𝛽-competitive against the offline opti-
mal solution for thermal network demand management with a state-
dependent model of GSHP COPs, where 𝛽 := 𝑐max/𝑐min.
We defer the proof to Appendix B.4. In realistic settings, GSHP COPs
fluctuate within a small range (i.e., between 3-6), thus 𝛽 is usually

<2, and TANDEM’s competitive ratio remains strong against a more

detailed optimal solution. We verify this empirically in Section 7.

5 Learning from Historical Data
In Section 4, we designed TANDEM to achieve the best (worst-case)

competitive ratio for OTNM. However, as discussed in Section 3.1,

algorithms optimized for the worst-case can be overly pessimistic

in practice. To address this, we extend TANDEM to incorporate a

data-driven learning framework. In doing so, we seek a method that

is flexible to adapt to historical patterns, yet computationally light

enough to be practical, while preserving worst-case guarantees.

Motivation. In recent years, there has been growing interest in

learning-augmented online algorithms that take predictions about

the future as input to improve empirical performance [36, 44]—

such algorithms are evaluated using the notions of consistency

and robustness, which capture performance when predictions are

accurate and adversarially wrong, respectively. These algorithms

typically assume access to suitable predictions (e.g., price or demand

forecasts) and focus on leveraging such predictions effectively.

Under the pseudo-cost minimization paradigm, recent work [38]

has proposed an “end-to-end” methodology that directly learns a
better algorithm from historical data, while retaining worst-case

guarantees by constraining learning to lie within a set that guaran-

tees a desired worst-case robustness. Rather than designing around

specific predictions and optimizing for a theoretical notion of con-

sistency, this approach directly finds the best algorithm for the

downstream task at hand while retaining guarantees.

Approach. For OTNM, we generalize the end-to-end learning ap-

proach of [38] to our TANDEM algorithm as follows. Instead of the

analytical threshold functions 𝜙,𝜓 (Defs. 4.1 and 4.2), we define

learned threshold functions ˆ𝜙𝜽 and
ˆ𝜓𝜽 , whose parameters 𝜽 are

learned from data to optimize empirical performance. Given learned

thresholds
ˆ𝜙𝜽 and

ˆ𝜓𝜽 , the pseudocode of our learned version of

TANDEM is identical to that of Alg. 2 and Alg. 1, except that
ˆ𝜙𝜽 and

ˆ𝜓𝜽 are used in place of 𝜙 and𝜓 throughout.

We let 𝜌 denote a desired robustness factor for the learned algo-

rithm, where 𝜌 > 𝛼 . To ensure that the learned thresholds yield a

worst-case competitive ratio no worse than 𝜌 , we constrain them

to lie within a robust certificate set R𝜌 , defined as follows.

Definition 5.1 (Robust Certificate for Learned Thresholds). Given
a desired robustness factor 𝜌 > 𝛼 (for 𝛼 defined in (3)), threshold

functions 𝜙 and𝜓 must lie within the following joint feasible set:

R𝜌 :=
{
𝜙 : [0, 1] → [𝜆min, 𝜆max ] and𝜓 : [0, 1] → [𝜆min𝑟, 𝜆max𝑟 ]

��
𝜙,𝜓 monotone non-increasing, 𝜙 (1) ≤ 𝜆min+2𝜂,𝜓 (1) ≤ 𝜆min𝑟+2𝛾

and ∀𝑤 ∈ [0, 1], 𝑣 ∈ [0, 𝑤 ] : Φ(0, 𝑤 ) + (1−𝑤 ) (𝜆max+2𝜂 )+
Ψ(0, 𝑣) + (1−𝑣) (𝜆max𝑟+2𝛾 ) ≤ 𝜌

[
𝜙 (𝑤 ) +𝜓 (𝑣) − 2𝜂 − 2𝛾

]}
.

Assuming our learned thresholds
ˆ𝜙𝜽 and

ˆ𝜓𝜽 lie within this set, we

have the necessary conditions to prove that TANDEM using these

learned thresholds is at most 𝜌-competitive for OTNM, as follows:

Theorem 5.2. If learned thresholds ˆ𝜙𝜽 and ˆ𝜓𝜽 lie within the robust
certificate set R𝜌 for some desired robustness factor 𝜌 > 𝛼 , then
TANDEM using these learned thresholds is 𝜌-competitive for OTNM.
We relegate the full proof to Appendix B.5. The conditions of R𝜌 are
critical for the proof—the first three conditions (structure, mono-

tonicity and final value) ensure that thresholds take on each value

for the necessary lower bounds on OPT. The final inequality con-

dition is the key expression that relates the cost of TANDEM (using
the learned thresholds) to the cost of OPT—the left-hand side forms

an upper bound, while the right-hand side is a lower bound on OPT
scaled by the robustness factor 𝜌 .

Methodology. Theoretically, the framework described above

can accommodate any parameterization of thresholds 𝜙 and𝜓 as

long as their set membership in R𝜌 can be enforced. One suitable

parameterization is a piecewise-affine “knot” representation at a

fixed grid of𝐾 points {0, 1

𝐾−1
, 2

𝐾−1
, . . . , 1}: each threshold is defined

by a vector 𝜽 , where each element corresponds to the value at one

point (values in-between are linearly interpolated). We denote 𝜽𝜙
and 𝜽𝜓 as the parameters for

ˆ𝜙𝜽 and
ˆ𝜓𝜽 , respectively. We have:

Lemma 5.3. The robust certificate set R𝜌 is convex when learned
thresholds ˆ𝜙𝜽 and ˆ𝜓𝜽 are parameterized as piecewise-affine functions.

2026-04-10 16:24. Page 8 of 1–33.
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The full proof is in Appendix B.6—when thresholds are piecewise-

affine, R𝜌 constraints can be expressed as linear inequalities and

halfspaces, whose intersection is convex. Using this, we learn a

small neural network that maps instance context (e.g., season,

weather & price forecasts) to predicted threshold vectors 𝜽𝜙 and

𝜽𝜓 . The robust certificate is enforced using a differentiable convex

projection layer [2]. Using a training set of historical instances and

a differentiable TANDEM implementation, we train the NN end-to-
end to learn better thresholds with respect to downstream cost. We

defer more details of the NN architecture to Appendix A.2.

6 Simulation Environment
In this section, we describe how we simulate the operation of

5GDHC networks in 10 case-study neighborhoods using data from

a city in Massachusetts. We implement TANDEM and several baseline
strategies to evaluate their performance across multiple metrics,

including cost, emissions, and transformer peak load.

Data and Simulator. We combine data sets and use parameters

from a pilot program [17] to create a 5GDHC simulator. We model

15-minute time steps, resampling (e.g., via averaging) as needed.

• Demand & Neighborhood Data. We use natural gas and electricity

consumption data collected from a small city in Massachusetts for

2023-24. Gas data for eachmeter is reported at an hourly granularity,

while electric usage is reported every five-minutes. We identify ten

neighborhoods that rely on natural gas for heating (6-44 homes

each). The existing gas network topology in each neighborhood is

estimated using OpenStreetMap road data, using methodology from

prior work [37]. We give a summary of neighborhood statistics in

Appendix A.3. To model heating demand for each home, we convert

natural gas consumption to thermal demand (in kWh), assuming a

gas furnace/boiler efficiency of 90% [76]. We focus on the heating

season (defined by local utilities as Nov.-Apr.) [51], as we do not

have suitable data to model cooling demand.

• Electricity Prices. We use locational marginal price (LMP) data for

2023-24 in ISO New England [22]. For the learning implementation

of TANDEM, we also use day-ahead LMP forecasts as context.

• Air and Ground Temperatures. We obtain 2023-24 air temperature

data from a nearby airport [49] and ground temperature data (depth

of 2m) from a nearby ecological monitoring site [50].

• Carbon Intensity. We use average carbon intensity (in gCO2eq. /

kWh) for ISO New England in 2023-24 from Electricity Maps [46].

• Flexible Demand. Most customer demand is treated as base
demand (recall Section 3), but we model a synthetic flexible demand

as follows: we set a parameter flex_prop ∈ [0, 1] to define the

fraction of homes that have a flexible demand on any given day. If a

home is randomly selected, we generate a random period between

3-6 hours and a random start time between 8 AM-2 PM during

which the home is “unoccupied.” The home’s base demand during

this period is treated as flexible and due at the end of the period.

To model thermal losses (home→ air) that affect shifted flexible

demand (i.e., 𝑐
(𝑓 )
𝑡 in OTNM), we estimate each home’s thermal loss

rate (over time) using its size and air temperature data [4, 29].
4
We

then increase 𝑐
(𝑓 )
𝑡 to charge the operator for additional heating

needed if flexible demand is satisfied in advance of the deadline.

4
For houses, we assume “rule-of-thumb” values of 1.2 W/m2

K for thermal conductivity,

120 kJ/m2
K for thermal mass per area, and an indoor setpoint of 20

◦
C.

• Tracking Targets. We aggregate electricity usage across all homes

in each neighborhood (plus the 5GDHC system itself) to capture

load effects on the grid. Tracking targets are defined as follows:

each neighborhood’s distribution transformer(s) have an existing

load profile (from electric data) before 5GDHC is added, with a

certain daily peak load. For network management decisions (x̃𝑡 in
OTNM), we compute the difference between the peak and existing

load over time (i.e., targets are 0 at the time of peak load), and

scale this difference so x̃𝑡 sums to the total thermal demand of the

instance. For delivery decisions (z̃𝑡 in OTNM), we set targets equal to
the base demand, except during periods of flexible demand, when

the target is defined as described above, then scaled so that the sum

during the flexible period equals the corresponding demand.

• 5GDHC Simulation. We implement a reduced-order model to

capture the thermodynamics of a 5GDHC system constructed based

on the (estimated) natural gas distribution topology in each neigh-

borhood. The model is a 1D plug flow system with conductive

ground losses, discretized using a finite-difference scheme on a

linearized out-and-back (i.e., supply and return loop) pipe network

topology [64, 67].
5
We simulate a “pump station” at the neighbor-

hood entrance that circulates fluid through the core neighborhood

loop at a constant flow rate
6
and interconnects with (simulated)

heat sources such as a borehole field, ASHP, or waste heat (see

below). Note that boreholes are only able to supply heat to the

network if the network’s temperature is below the temperature at

the borehole depth of 150m, which is typically about 2−4
◦
C higher

than the ground temperature at distribution pipe depth (2m) [48].

Throughout, we use product data sheets to model heat pump COPs
as a function of air temperature [54] and fluid temperature [74].

Data Center Waste Heat. While 5GDHC systems are tradition-

ally designed with borehole fields in mind, certain geographies and

ground conditions may make borehole installation infeasible or

cost-prohibitive [8, 42]. As one alternative, 5GDHCs are well-suited

to using “low-quality” waste heat from a data center (DC)—unlike

traditional district heating, GSHPs can still effectively scavenge heat

from low-temperature sources. Using our simulator, we conduct a

case study of using DC waste heat for 5GDHC systems through-

out the city. We use time-varying utilization from Google power

traces [62] to simulate waste heat availability over time. This is

then partitioned to ensure that all homes currently using gas for

heating in the case study city can use an equal share of the DC heat.

Algorithms and Baselines. We implement and evaluate sev-

eral strategies for 5GDHC operation and baselines. First, we use

Gurobi [23] to compute optimal solutions for OTNM (with full knowl-

edge of prices and demands) under two GSHP efficiency models: (i)
dynamic, where COP varies with local network temperature, and (ii)
static, where COP is a conservative estimate. We report approxima-
tion ratio with respect to the offline cost-optimal dynamic solution.

We implement TANDEM in two variants: one using the analytical
thresholds from Section 4, and another using learned thresholds

via the framework described in Section 5. For the latter, we use 2023

data for training and report results on 2024 data—see Appendix A.2

for more details of the learning implementation. We set 𝐾 = 5 and

a robustness factor 𝜌 = 5𝛼 for learned thresholds.

5
We model 150mm diameter uninsulated HDPE pipes buried at 2m with a linear heat

loss (soil) coefficient of 1.8 W/mK, and a fluid specific heat of 3.9 kJ/kgK (brine).

6
We model a flow rate of 10 kg/s, and an allowable temperature range of 5-25

◦
C.
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Figure 3: CDF of approx. ratio
for all algorithms and all neigh-
borhoods with default parame-
ter settings.

(a) Tracking coefficient 𝜂 (b) flex_prop parameter (c) No. of boreholes

Figure 4: Average approximation ratio for all algorithms in one neighborhood, with varying (a)
network management tracking coefficient (𝜂), (b) proportion of homes with flexible demand
(flex_prop), and (c) number of boreholes.

As a 5GDHC baseline, we implement a constant operation
baseline that always runs the borehole field pumps and uses a

simple thresholding rule to fulfill flexible demandwhen/if electricity

prices fall below a fixed threshold (

√
𝑝min𝑝max).

7
If boreholes are

not available (i.e., if only ASHPs or waste heat are used to supply

the network), this strategy injects heat at a rate equivalent to using

one borehole per home in the neighborhood. In select experiments,

we compare against two non-5GDHC baselines: (i) the status quo
of gas heating, and (ii) uncoordinated ASHPs at each home, with

a basic thresholding rule for flexible demand identical to that used

in the constant operation strategy above.

Metrics. We evaluate strategies across three metrics: (i) cost of
energy procurement (the primary objective of OTNM), (ii) carbon
emissions from HVAC (electric or natural gas), and (iii) peak load
increase (as a percentage relative to status quo) to assess grid impact.

7 Evaluation
We present key results in the main body, deferring additional results

(sensitivity analyses, runtime measurements, etc.) to Appendix A.

A summary is in Fig. 3, which plots a cumulative distribution

function (CDF) of the approximation ratio for all tested algorithms

across all neighborhoods in 2024, with default parameter settings

of 𝜂=1, 𝛾 =0.1, flex_prop=0.4, and one borehole per home. First,

we note that the cost-optimal solution using a static COP model for

GSHPs performs well, achieving an approximation ratio ≤1.05 in

all tested cases, and verifying the validity of Asm. 3.6. Analytical

TANDEM achieves an approximation ratio of 1.45 on average and

2.02 in the 95
th
percentile, improving on the constant baseline by

44.1% and 63.3% (respectively). Learned TANDEM further improves

performance, achieving an average approximation ratio of 1.11

and a 95
th
percentile ratio of 1.35, corresponding to improvements

of 23.4% and 33.1% over the analytical version—this highlights the

value of adapting to context about instances and price distributions.

We explore the impact of several key parameters on performance,

varying one parameter at a timewhile holding others at their default

values and evaluating on instances in one neighborhood for 2024.

In the following plots, bold labels on the 𝑥-axis correspond to a

regime that the learned version of TANDEM was trained on, while

lighter labels correspond to out-of-distribution regimes.

• Tracking Coefficient 𝜂. To understand the impact of the tracking

cost coefficient 𝜂 on network management decisions, we vary its

value from 0 to 2 and plot the resulting approximation ratios for

7
This threshold is informed by the classic optimal algorithm for one-min search [15].

a single neighborhood in Fig. 4(a). We find that the performance

of all algorithms generally degrades as 𝜂 increases—the constant

baseline is particularly affected as it does not adapt its decisions

based on grid conditions. Learned TANDEM algorithm consistently

performs well, although its performance degrades slightly for large

values of 𝜂 that are out-of-distribution from its training data.

• Flexible Demand Proportion. We vary the proportion of homes

with a daily flexible demand between 0.0 and 0.8, plotting the re-

sulting approximation ratios in Fig. 4(b). We find that performance

is generally stable, although the approximation ratio of analyti-

cal TANDEM degrades slightly as the number of flexible demands

increases. Since the optimal solution has full knowledge, it can

leverage flexible demands to substantially reduce cost—in contrast,

since analytical TANDEM is optimized for the worst-case, it is more

conservative and thus less able to exploit this flexibility.

• Borehole Count. We vary the number of simulated boreholes

in the neighborhood from 0-3 per home and plot the resulting

approximation ratios in Fig. 4(c). We retrain learned TANDEM for the
no-borehole case—in this scenario, the system completely relies on

an ASHP at the pump station to bring heat into the network, which

significantly changes the problem’s cost structure. We find that the

constant baseline performs better for low (but non-zero) borehole

counts as the pumping overhead of operating boreholes shrinks

(vice versa for higher borehole counts). Both variants of TANDEM
adapt to the amount of demand in the instance, allowing them to

achieve good approximation ratios across all borehole counts.

Decarbonization and Grid Impacts. Beyond the objective of

OTNM (i.e., cost savings), we also evaluate two ancillary benefits of

our approach and 5GDHC systems broadly: reductions in distribu-

tion transformer peak loads and reductions in carbon emissions.

• Peak Electric Load. In Fig. 5(a), we plot the percentage increase in

daily peak load on distribution transformers due to 5GDHC opera-

tion (compared to a status quo of natural gas heating) for all tested

algorithms and all ten neighborhoods in 2024. Compared to deploy-

ing ASHPs to replace natural gas, a 5GDHC system under constant

operation (constant baseline) reduces the daily peak load on the

grid by 40.6% on average (49.7% in the 95
th
percentile), primarily

due to the efficiency gains of GSHPs over ASHPs. By adaptively

managing the thermal network using TANDEM, further reductions
in peak load are achieved—learned TANDEM reduces peak load by an

additional 31.2% on average (28.8% in the 95
th
percentile), reflecting

the ability to shift network management loads to off-peak periods.
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(a) Daily peak load increase (b) CO2eq. emissions

Figure 5: For all tested strategies and neighborhoods in 2024,
(a) percentage increase in daily peak load on distribution
transformers (compared to natural gas status quo), and (b)
estimated total yearly CO2eq. emissions from heating.

• Carbon Emissions. In Fig. 5(b), we estimate the CO2eq. emissions

from heating loads for all tested strategies and all ten neighborhoods

in 2024. Using average carbon intensity for the ISO New England

grid (36% carbon-free in 2024 [32]), we find that transitioning from

natural gas heating to ASHPs already reduces GHG emissions by

63.8%. In comparison, learned TANDEM achieves a total emissions

reduction of 75.4% compared to natural gas—the higher reduction

is attributable to the efficiency benefits of a 5GDHC system (e.g.,

constant baseline, 6.7%), and adaptive management using learned

TANDEM (4.9%)—the remaining reductions are obtained by switching

away from natural gas heating (same as the ASHP baseline).
8

Data CenterWasteHeat. As DC growth has accelerated in recent

years, interest has grown in utilizing the “low-quality” waste heat

generated by DCs—since 5GDHC systems operate at low tempera-

tures, they are well-suited to this integration [75]. In the case study

city, there is an existing DC (15 MW IT load) that we model as a

waste heat source, giving results for other DC sizes in Appendix A.7.

Here we assume no boreholes are installed—the 5GDHC system

relies on (either) DC waste heat or an ASHP at the pump station to

meet demand. We consider a range of prices for DC waste heat be-

tween $5 and $30 per thermal MWh (USD), roughly corresponding

to the cost of heating using natural gas or ASHPs (see Appendix A.7).

In Fig. 6(a), we plot the amount of daily heat demand met using DC

waste heat under three strategies (both TANDEM variants and the

cost-optimal offline solution) for a single neighborhood. We train

learned TANDEM on data with a waste heat price of $20 / thermal

MWh. We find that for DC heat priced at or below $10 / thermal

MWh, all strategies choose to use DC heat to meet between 80-

100% of the daily heat demand on average, demonstrating value in

utilizing DC waste heat when it is cost-competitive. Although our

analysis simulates a single neighborhood, the amount of available

heat from the DC is constrained such that other neighborhoods can

access a proportional share of it (see Section 6) When DC waste

heat is priced higher, the operator’s electricity cost of using an

ASHP to inject heat at the pump station is sometimes favorable,

leading to reduced utilization of DC heat.

In Fig. 6(b), we plot the average daily operating cost for 2024

data in one neighborhood under different heat source options: 1

borehole per home, no boreholes (i.e., using an ASHP at pump

station), and DC waste heat at varying prices. Error bars indicate

standard deviation across all days/seasons. Intuitively, borehole

fields provide the lowest operating cost because their pumping

8
Since these estimates use existing average carbon intensity of the grid, they do not

account for changes in grid mix due to the added electric load.

(a) Demand met using waste heat (b) Scenario cost comparison

Figure 6: Case study of DC waste heat in a single neighbor-
hood for 2024; (a) demand met using waste heat of varying
prices, and (b) daily operating cost using boreholes (far left),
ASHP-only (2nd from left), and waste heat (remaining).

cost is low compared to both ASHPs and DC waste heat. When no

boreholes are available, DC waste heat is used if/when it is more
cost-effective than using an ASHP at the pump station to inject heat

into the network. As such, we find that integration of cheaper waste

heat can significantly reduce operating costs—at $5 / thermal MWh,

DC waste heat reduces operating cost by 36.9% (averaged across

strategies) compared to using a pump station ASHP alone.

8 Conclusion
We introduce online thermal network demand management (OTNM)
to capture the decision-making problem faced in the dynamic op-

eration of fifth-generation district heating and cooling (5GDHC)

systems. We propose TANDEM, a distributed online algorithm achiev-

ing the best possible competitive ratio under our assumptions. We

further extend TANDEMwith an end-to-end learning framework that

leverages historical data to adapt to patterns in real-world instances

while retaining robustness guarantees. We conduct a comprehen-

sive case study of 5GDHC operation in ten real neighborhoods,

demonstrating that dynamic management of 5GDHC systems can

achieve cost savings of 44.1% compared to the status quo of constant

operation, emissions reductions of 75.4% compared to gas heating,

and peak load reductions of 71.8% compared to ASHP adoption.

Limitations. Our theoretical study of OTNM and TANDEM assumes

a “clean slate” design where the operator has information about

and granular control over several components of a 5GDHC system

(e.g., controllable smart thermostats, open communication between

utility and customers, fine-grained control, etc.). In real-world set-

tings, such a design may not be reasonable due to e.g., technical

constraints of legacy infrastructure or regulatory constraints on

e.g., data privacy in customer-utility communication [20]. It would

be interesting to explore this generalizes to settings with limited

input data, additional constraints on control inputs, or where the

operator must rely on price signals/incentives over direct control.

Future Work. Several other directions remain for future work.

While OTNM is chiefly motivated by the application to 5GDHC sys-

tems, a generalization of OTNMmay be applicable to several domains

involving online resource management in multiple dimensions,

such as EV charging networks or distributed BESS systems. It would

also be interesting to explore how additional 5GDHC integrations,

such as thermal energy storage (TES) tanks or ground-source water

heaters, might be incorporated into an extension of OTNM.
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Appendix

Table 1: Summary of notation used throughout the paper.

Symbol Meaning

Problem dimensions
𝑇, 𝑛, 𝑚 Horizon length; number of households; number of pump stations

Network state
𝑠𝑡 ∈ [0, 𝑆 ] Network thermal energy state at time 𝑡 (𝑆 : max. capacity)

M, 𝐿 Thermodynamic model of network state evolution, with maximum (𝑇 horizon-dependent) thermal loss rate 𝐿 ∈ [0, 1]

Online inputs
𝑝𝑡 Electricity price at time 𝑡

g𝑡 ∈ R𝑚+ Pump station inverse efficiency vector at time 𝑡

𝑏𝑖,𝑡 , 𝑓𝑖,𝑡 Base and flexible demand of customer 𝑖 and time 𝑡 ; b𝑡 , f𝑡 denote vectors that collect demand across customers

Δ𝑖,𝑡 Deadline of flexible demand 𝑓𝑖,𝑡

x̃𝑡 , z̃𝑡 Tracking targets for network management and preheating/precooling decisions

X𝑡 , Z𝑖,𝑡 Feasible sets for x𝑡 and 𝑧𝑖,𝑡 ; Z𝑖,𝑡 = [−𝜔𝑖 − 𝑏𝑖,𝑡 , 𝜔𝑖 − 𝑏𝑖,𝑡 ], where 𝜔𝑖 is the GSHP rate capability of customer 𝑖

Decisions
x𝑡 ∈ X𝑡 Network management (energy purchasing) decision at time 𝑡

𝑧𝑖,𝑡 , z𝑡 Preheating/precooling decision for customer 𝑖 at time 𝑡 ; z𝑡 = (𝑧1,𝑡 , . . . , 𝑧𝑛,𝑡 )

Cost functions and parameters
𝑐 (𝑏) ( ·) , 𝑐 (𝑓 )𝑡 ( ·) Base/flexible demand efficiency (summed over all customers: 𝑐 (𝑏) (b𝑡 ) :=

∑
𝑖
|𝑏𝑖,𝑡 |
COP𝑖

; 𝑐
(𝑓 )
𝑡 (z𝑡 ) :=

∑
𝑖 𝑐
(𝑓 )
𝑖,𝑡
|𝑧𝑖,𝑡 |)

𝑐max, 𝑔min, 𝑟 Worst-case inverse COP of GSHP; best-case pump station efficiency; ratio 𝑟 := 𝑐max/𝑔min

𝛽 Dynamic COP ratio: 𝛽 := 𝑐max/𝑐min (used in Corollary 4.5)

𝜆min, 𝜆max Lower/upper bounds on marginal cost of moving energy in/out of the network

𝜂, 𝛾 Tracking cost coefficients for network management and preheating/precooling

TANDEM algorithm
B, F Sets of active base and flexible drivers

𝑑𝑖 , Δ𝑖 Demand size and deadline of driver 𝑖

𝑤𝑖,𝑡 , 𝑣𝑖,𝑡 Cumulative energy purchased / flexible demand delivered by driver 𝑖 up to and including time 𝑡

𝜙𝑖 (𝑤 ) ,𝜓𝑖 (𝑣) Network management / delivery threshold functions for driver 𝑖

Φ𝑖 (𝑤1, 𝑤2 ) Shorthand for

∫ 𝑤
2

𝑤
1

𝜙𝑖 (𝑢 ) 𝑑𝑢
𝛼 Competitive ratio of TANDEM (defined in (3))

Learning framework
ˆ𝜙𝜽 ,

ˆ𝜓𝜽 Learned threshold functions (parameterized by 𝜽 )
𝜽𝜙 , 𝜽𝜓 ∈ R𝐾+ Piecewise-affine parameter vectors (𝐾 knot points)

𝜃 𝑗,𝜙 , 𝜃 𝑗,𝜓 ; R𝜌 𝑗 th knot values of 𝜽𝜙 , 𝜽𝜓 ; robust certificate set (ensures competitive ratio 𝜌)

A Supplemental Experiments
In this section, we present additional experimental setup details and results to supplement those in Section 7.

A.1 Reduced-Order Thermodynamic Simulation Model
In this section, we describe the reduced-order thermodynamic model that we use in our experiments to model the state evolution of a

5GDHC system in our experiments.

System Topology and Linearization. Informed by prior work [64, 67], the physical network that we simulate consists of a root pump

station and a set of bidirectional fluid transport pipes arranged in a tree topology. To bypass the computational overhead of full computational

fluid dynamics (CFD) and complex junction mixing equations, the spatial network is linearized into a 1D “folded loop.”

This is achieved by computing an Eulerian-like out-and-back traversal (e.g., via a depth-first search preorder traversal) of the tree graph.

The resulting path effectively models a single continuous pipe that supplies fluid to all downstream nodes and returns it to the root. The

total system length is ℓ , defined by the sum of the edge lengths in the traversal path.

Assumptions. The model relies on the following common reduced-order assumptions to enable fast simulation.

• Plug Flow: The fluid exhibits zero axial dispersion. Adjacent control volumes do not mix; heat transfer along the direction of flow

occurs strictly via advection.

• Incompressible Fluid: The working fluid (water/propylene glycol mixture) has constant density and specific heat capacity (in our

simulations, we simulate brine with a density of 1020 kg/m
3
and a specific heat of 3.9 kJ/kgK).
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• Uniform Geometry: The thermal network is modeled using a constant effective internal pipe diameter 𝐷 (in our simulations, we

simulate pipe diameters of 150mm).

• Operator Splitting: The physical processes of advection and localized heat exchange (injection/extraction and ground losses) are

decoupled and solved sequentially within each time step.

Spatial and Temporal Discretization. The linearized pipe of length ℓ is discretized into N equal-length spatial control volumes (or

“nodes”), where Δ𝑥 = ℓ/N. In our simulations, we set a fixed spatial resolution of Δ𝑥 = 10 meters, and calculate N dynamically based on the

total length of the specific neighborhood being simulated. The fluid state is represented by a 1D vector of temperatures S ∈ RN
.

For a given time step Δ𝑡 (in our simulations, the internal physics time step is set to Δ𝑡 = 60 seconds), the continuous fluid velocity 𝑢 is

determined by the mass flow rate ¤𝑚:

𝑢 =
¤𝑚
𝜌𝐴

(4)

where 𝐴 = 𝜋
4
𝐷2

is the cross-sectional area of the pipe. The discrete spatial shift (the number of control volumes the fluid travels in one time

step) is computed as:

Δ𝑘 =

⌊
𝑢Δ𝑡

Δ𝑥

⌉
(5)

State Evolution and Energy Balance. The state of the system S(𝑡) evolves to S(𝑡 + Δ𝑡) via a two-step operator splitting method.

Advection: The purely advective transport of the fluid is modeled as a cyclic permutation of the temperature vector (assuming a closed-loop

system returning to the pump station):

𝑆∗𝑖 = 𝑆 (𝑖−Δ𝑘 ) mod N (𝑡) ∀𝑖 ∈ {0, 1, . . . , N − 1} (6)

where 𝑆∗𝑖 represents the intermediate advected temperature of the 𝑖-th control volume before localized heat transfer is applied.

Heat Exchange: Following advection, the energy balance is computed for each control volume. The mass of fluid in a single control volume

is𝑚𝑐 = 𝜌𝐴Δ𝑥 . The change in temperature due to external heat injection/extraction and environmental losses is governed by:

𝑚𝑐𝐶𝑝
𝑑𝑆𝑖

𝑑𝑡
= ¤𝑄𝑛𝑒𝑡,𝑖 (𝑡) − ¤𝑄𝑙𝑜𝑠𝑠,𝑖 (𝑡) (7)

Discretizing this via a forward Euler step yields the final nodal temperature update:

𝑆𝑖 (𝑡 + Δ𝑡) = 𝑆∗𝑖 +
Δ𝑡

𝑚𝑐𝐶𝑝

( ¤𝑄𝑛𝑒𝑡,𝑖 (𝑡) −𝑈𝜋𝐷Δ𝑥 (
𝑆∗𝑖 − 𝑆ground

) )
(8)

where:

• ¤𝑄𝑛𝑒𝑡,𝑖 (𝑡) is the net thermal power (in Watts) injected into control volume 𝑖 at time 𝑡 . For the pump station, ¤𝑄𝑛𝑒𝑡 > 0 implies heating

the fluid. For end-user nodes, ¤𝑄𝑛𝑒𝑡 < 0 implies load extraction (heating the building, cooling the network), and ¤𝑄𝑛𝑒𝑡 > 0 implies

injection (cooling the building, heating the network).

• 𝑈 is the overall linear heat transfer coefficient between the pipe and the surrounding earth (in our simulations, we set this to 1.8

W/mK).

• 𝑆ground is the uniform ambient soil temperature (in our simulations, we set this based on daily historical data).

Scalar State Representation. To contextualize the total thermal energy stored/available for OTNM, the network’s state of charge is

normalized against its operational temperature limits as follows. A scalar network state 𝑠𝑡 ∈ [0, 1] is defined as the spatial average of the

temperature distribution relative to 𝑆min and 𝑆max:

𝑠𝑡 = max

(
0,min

(
1,

1

N

∑N−1

𝑖=0
𝑆𝑖 (𝑡) − 𝑆min

𝑆max − 𝑆min

))
(9)

A state of 𝑠𝑡 = 0 implies the entire network has been depleted to temperature 𝑆min, while 𝑠𝑡 = 1 implies the network is uniformly saturated at

temperature 𝑆max. In our simulations, we set 𝑆min = 5
◦
C and 𝑆max = 25

◦
C.

A.2 TANDEM Learning Implementation Details
We provide additional details about our implementation of TANDEM using learned thresholds (piecewise-affine parameterization), as introduced

in Section 5. We implement the TANDEM algorithm (particularly the pseudo-cost minimization problems) using CVXPYLayers [2, 14], which

allow us to differentiate through convex optimization problems and use gradients to improve the learned threshold parameters with respect

to the overall cost objective. To facilitate the flow of gradients, this “training” version of TANDEM uses a “hinge representation” of the

integral over the threshold functions which is fully differentiable with respect to the piecewise-affine threshold parameters 𝜽 , and skips hard

constraint enforcement (e.g., network top-ups, flexible demand delivery at deadlines) in exchange for soft penalties in the end-to-end loss

function. We also implement the projection of threshold parameter vectors 𝜽 onto the robust certificate set R𝜌 (see Def. 5.1 and Lemma 5.3)

as a CVXPYLayer problem, allowing us to “enforce” robustness during training.

We implement a small neural network in PyTorch [55] to predict two piecewise-affine threshold parameter vectors 𝜽 (one 𝐾 + 1-length

output for each of
ˆ𝜙 and

ˆ𝜓 , respectively) given context about the current time step. As context (input to the NN), we use the following
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features: time of day (24 hr format, normalized to [0, 1]), average daily air temperature (in
◦
C), the season (month number, normalized

to [0, 1]), the thermal network’s current state-of-charge (e.g., 𝑠𝑡/𝑆), the network’s current average fluid temperature (in
◦
C), the current

electricity price (in USD/kWh), the mean, standard deviation, and min-max of predicted (day-ahead LMP forecast) electricity prices over the

rest of the instance (in USD/kWh), the network management decision tracking target x̃𝑡 ∈ R𝑚 , the 𝜆min and 𝜆max marginal cost values used

by TANDEM on this instance (based on the previous day’s data), and a bias term.

The neural network starts as a fully feed-forward network with two hidden layers of 64 neurons each, using ReLU activations. To enforce

monotonicity of the learned thresholds, we encode the constraint architecturally by having the neural network predict an initial value

bounded via sigmoid activation, followed by 𝐾 non-negative decrements computed via softplus. These decrements are scaled to ensure

the final value remains above the minimum threshold bound (i.e., 𝜆min), then accumulated to produce a guaranteed monotone sequence.

This monotone head is applied twice, once for each of the two thresholds
ˆ𝜙 and

ˆ𝜓 . The raw outputs from the monotone head(s) are then

projected onto the robust certificate set R𝜌 using the CVXPYLayer projection defined earlier, ensuring that the final learned thresholds used

by TANDEM satisfy the robustness conditions.

For training, we generate a data set of historical instances based on a single neighborhood and 2023 data, which is not otherwise used in

our evaluation experiments. Each instance corresponds to one day (96 time steps) of heating season operation for a given neighborhood,

including historical context data (e.g., weather, price, and demand). We typically set 𝜂 = 1, 𝛾 = 0.1, and flex_prop = 0.4 for these training

instances, matching the default parameters used in our main experiments. We train the TANDEM neural-network model in two steps:

(1) Pretraining: We first pretrain the NN for 1000 epochs with target thresholds that linearly decrease from 1.2 × 𝜆min to 𝜆min for 𝜙

and from 1.2 × 𝜆min𝑟 to 𝜆min𝑟 for𝜓 , where 𝜆min is the instance-specific minimum marginal cost. We use the Adam optimizer with a

learning rate of 10
−4
. This provides a good initialization point for the learned thresholds and ensures they start within a reasonable

range of the intuitive “correct” thresholds, which pick out the best prices/marginal costs in each instance based on context. After

epoch 500 (to allow for some initial exploration) we enable the robust certificate projection layer, ensuring that predicted thresholds

remain within the robust certificate set R𝜌 for 𝜌 = 5𝛼 .

(2) End-to-end Training: Next, we fine-tune the NN end-to-end using backpropagation through the CVXPYLayer implementation of

TANDEM. We use the Adam optimizer with a learning rate of 10
−5
, training for 1000 epochs with a batch size of 16 instances. The loss

function is the total cost incurred by TANDEM over each instance in the batch, plus an 𝐿2 penalty term (with weight 10
−4
) that “pushes”

the learned thresholds up towards 𝜆max if constraints are violated by the differentiable implementation of TANDEM (to encourage

feasibility). We again enforce the robust certificate projection layer after epoch 500 to ensure worst-case robustness.

We deploy the trained NN model in our evaluation experiments (using unseen data from 2024) using a “testing” version of TANDEM that does
implement hard constraint enforcement (e.g., network top-ups, flexible demand delivery at deadlines) rather than soft penalties, ensuring

feasibility. In evaluation, we always “enable” the robust certificate projection layer to enforce the learned thresholds remain within R𝜌 .

A.3 Neighborhood and Building Details
In Section 6, we describe how we use real natural gas and electricity consumption data for a small city in Massachusetts to simulate

neighborhood-level heating demand in our 5GDHC simulation environments. We identified ten neighborhoods containing between 6 and 44

homes each that rely on natural gas for heating—below, in Table 2, we summarize high-level statistics for each of these neighborhoods.
9
In

our experiments that consider a single neighborhood (e.g., instead of all ten neighborhoods), we use Neighborhood E (bolded in Table 2) as

our “representative neighborhood.”

Table 2: Summary statistics for the ten neighborhoods used in our experiments.

Neighborhood No. of Homes Avg. Daily Heating Demand
(in kWh, during heating season)

Thermal Network
Length (in km)

Avg. Home
Size (in m

2
)

Network Capacity
(in kWh)

A 44 2291 3.86 278 3013.2

B 24 2251 1.58 243 1233.3

C 19 2085 1.50 274 1172.2

D 26 1968 1.65 145 1288.7

E 9 917 0.77 323 603.4
F 13 863 1.30 178 1015.9

G 6 792 0.39 194 302.7

H 9 731 0.61 198 476.2

I 7 667 0.58 161 450.9

J 6 504 0.64 238 500.4

9
Capacity estimate is based on an “out-and-back” supply & return topology, 150mm diameter pipe, allowable temperature range of 5-25

◦
C, and a specific heat of 3.9 kJ/kgK (brine).
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Figure 7: Average power uti-
lization over a representative
day obtained from Google
power traces [62], used to sim-
ulate waste heat availability.

Figure 8: Per time-step run-
time of analytical and learned
TANDEM algorithm solutions on
a Raspberry Pi Zero 2 W.

(a) Tracking coefficient 𝛾 (b) Neighborhoods

Figure 9: Average approximation ratio for all algorithms, with
varying (a) delivery tracking coefficient (𝛾) in one neighbor-
hood, and (b) results disaggregated for each neighborhood.

A.4 Google Power Trace for Data Center Waste Heat
To simulate the availability of waste heat from a data center (DC) for our case study in Section 7, we use publicly available power traces

from Google data centers [62]. These traces provide time-varying power utilization data for multiple cells within a Google DC over several

months. We average the utilization across all cells and PDUs to obtain a single time series representing the overall DC power usage—Fig. 7

plots this averaged utilization over a representative day in the trace.

A.5 Runtime Analysis
To demonstrate the feasibility of implementing our proposed TANDEM algorithms in real-world, resource-constrained settings, we conduct a

runtime analysis to characterize their computational overhead. We measure runtime by simulating the entire algorithm operation (both

network management decisions and customer-level decisions) over a full year of instances (2024) in a single neighborhood with nine homes.

We run each algorithm on a Raspberry Pi Zero 2 W with a 1 GHz ARM Cortex-A53 CPU and 512 MB of RAM, representing an IoT device

such as a smart thermostat or home energy management system.

In Fig. 8, we plot box plot statistics of the per-time-step runtime for the analytical and learned versions of TANDEM (recall that time steps

throughout our experiments are defined as 15-minute intervals). We find that both algorithms have low computational overhead, with

average per-time-step runtimes of 0.31 seconds for analytical TANDEM and 0.83 seconds for learned TANDEM. The increased overhead of learned
TANDEM is primarily due to the learned threshold functions, which require multiple NN forward passes over the course of an instance and

projections to the robust certificate set.

However, even with this additional overhead, both algorithms are able to make fast decisions well within the time step duration,

demonstrating their feasibility for real-world deployment on resource-constrained devices. We note that these runtimes also consider the

“full” operation of the algorithms, including both network management and customer-level decisions; in practice, customer-level decisions

can be made independently and asynchronously, further reducing the effective computational load on any single device.

A.6 Additional Parameter Sensitivity Results
Picking up from Section 7, we explore the impact of several additional parameters on performance, varying one parameter at a time while

holding others at their default values.

• Delivery Tracking Coefficient 𝛾 . To understand the impact of the delivery tracking cost coefficient 𝛾 on preheating/precooling decisions, we

vary its value from 0 to 0.2 and plot the resulting approximation ratios for a single neighborhood in Fig. 9(a). We find that the performance

of all algorithms is generally stable as 𝛾 varies—in the setting of our experiments, this makes sense as all algorithms (including OPT) have a
limited ability to impact this cost component (e.g., the only lever to reduce this cost is changing preheating/precooling decisions, which are

only a portion of demand in 40% of homes).

• Neighborhoods. In Section 7, we present our main results aggregated across all ten neighborhoods. In Fig. 9(b), we disaggregate those

results to show performance for each algorithm in each neighborhood. Neighborhoods are ordered from left to right in descending order of

the ratio of avg. heating demand to number of homes (e.g., see Table 2). We find that the relative performance of all algorithms is consistent

across neighborhoods, with learned TANDEM consistently achieving the best approximation ratios. In this experiment we model one borehole

per home in all neighborhoods, but observe trends similar to the number of boreholes sensitivity experiment in Fig. 4(c)—the constant

baseline’s performance trends worse for neighborhoods with a lower ratio of heating demand to homes, which corresponds to a lower ratio

of demand to borehole capacity. As in Section 7, TANDEM variants are better able to adapt to the amount of demand in the instance, allowing

them to achieve good approximation ratios across all neighborhoods.
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(a) DC size: 1 MW (b) DC size: 100 MW (c) Fixed price: $20/thermal MWh (d) Fixed price: $5/thermal MWh

Figure 10: Demand met using waste heat from data centers of varying size (in MW of peak IT load) under several DC size and
waste heat price scenarios. In (a) and (b), we fix the DC size (in terms of peak IT load), and vary the price of waste heat offered
to the 5GDHC operator. In (c) and (d), we fix the waste heat price and vary DC size—(c) is a moderate price case, while (d) is a
low price case.

A.7 Case Study: Data Center Waste Heat Supplemental Results
In Section 7, we present a case study of using waste heat from a data center (DC) to provide heat for a 5GDHC system—in the main body, we

focus on a single “size” of data center and omit some details of our experimental setup for brevity. Here, we provide additional details and

results to supplement that case study.

In the main body, we consider a range of prices for DC waste heat between $5 / thermal MWh to $30 / thermal MWh (in USD). The

rationale for this range is as follows: In 2024-25, wholesale natural gas prices (all USD) in the region ranged between $3 / MMBtu (average) to

$17 / MMBtu (winter peak)—assuming a boiler efficiency of 90%, this corresponds to a cost of between $10 / thermal MWh to $61 / thermal

MWh for heating using natural gas. Similarly, wholesale electricity prices ranged between $40 / MWh (average) to $135 / MWh (winter spike)

over the same period—assuming a winter ASHP COP of 2-2.5, this corresponds to a cost of between $16 / thermal MWh to $68 / thermal

MWh for heating using ASHPs [32, 33]. Given this, we consider a range of waste heat prices at or below the cost of heating using natural gas

or electricity, ranging from $5 / thermal MWh (to represent very cheap waste heat) to $30 / thermal MWh (to represent waste heat that is

competitive with other heating options, but not always the cheapest option).

• Varying DC Size. In these supplemental experiments, we explore the impact of varying the size of the data center (DC) providing waste

heat to the 5GDHC system, in addition to varying the price of waste heat as in the main body. In the main body we considered a DC with a

peak IT load of 15 MW, based on a model data center in the actual city under study. In what follows, we consider several additional DC sizes,

including 0.1 MW (edge / micro DC), 1 MW (small DC), 5 MW (small DC), 30 MW (medium DC), 50 MW (large DC), and 100 MW (hyperscale

DC). We apply the same Google power utilization trace [62] to model waste heat availability for each DC size. Note that although the DC

changes size, we assume that the available waste heat is still partitioned evenly across homes currently using natural gas in the case study

city (see Section 6), which constrains the amount of waste heat that can be used by each neighborhood.

In Fig. 10(a) and Fig. 10(b), we first explore additional variants of Fig. 6(a) from the main body, showing the amount of heating demand

met using DC waste heat for varying waste heat prices under two (extreme) scenarios for the DC size: a very small DC with a peak IT

load of 1 MW (Fig. 10(a)) and a very large DC with a peak IT load of 100 MW (Fig. 10(b)). In both cases, the amount of demand met using

waste heat decreases as the price of waste heat increases, as expected. However, the impact of DC size is significant—in the small DC case

(Fig. 10(a)), the maximum amount of demand met using waste heat is limited to around 10% even when waste heat is very cheap, due to

the limited amount of waste heat available from the small DC. On the other hand, in the large DC case (Fig. 10(b)), nearly all demand can

be met using waste heat when it is cheap (i.e., at or less than $10 / thermal MWh), as the large DC provides ample waste heat to satisfy

the neighborhood’s heating demand. Notably though, at moderate prices (e.g., $15 / thermal MWh and above), the amount of demand met

using waste heat is similar to that in the main body for the 15 MW DC case, indicating that at these prices the waste heat price (rather than

availability) is the main limiting factor on waste heat usage.

In Fig. 10(c) and Fig. 10(d), we consider varying the data center size while keeping the waste heat price constant, showing results for a

moderate waste heat price of $20 / thermal MWh (Fig. 10(c)) and a cheap waste heat price of $5 / thermal MWh (Fig. 10(d)). In both cases,

the amount of demand met using waste heat increases with DC size on the low end—very small DCs (e.g., 0.1 MW, 1 MW) provide little

waste heat relative to the city’s heating demand (across neighborhoods), limiting their ability to satisfy demand. As DC size increases, more

waste heat becomes available, allowing more demand to be met. However, beyond a certain DC size (e.g., 15 MW and above), the amount of

demand met using waste heat plateaus—we find that the main driver of this is the price of the waste heat. Comparing Fig. 10(c) and (d), we

see that at the moderate waste heat price of $20 / thermal MWh, waste heat is cheaper than using an ASHP to inject heat into the network a

little less than half the time (based on electricity prices and ASHP COP values in 2024)—as a result, even when very large DCs provide waste

heat, the amount of demand met using waste heat plateaus around 40% of daily demand. This is in contrast to the cheap waste heat price of

$5 / thermal MWh, where waste heat is almost always the cheapest heating option—in this case, we see that nearly all demand can be met

using waste heat from DCs of size 15 MW and above.
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B Deferred Proofs
In this section, we provide deferred proofs for theoretical results stated in Sections 3—5.

B.1 Proof of Theorem 3.10
In this section, we prove Theorem 3.10, which states that given a data set S of 𝑁 historical instances of OTNM, there exists a classifier

predicting the sign of the net demand 𝐷 whose misclassification rate is bounded by 𝛿 with probability at least 1 − 𝜅 over the random draw of

the data set, provided that 𝑁 is sufficiently large. Then, for a new instance I of OTNM, an 𝛼-competitive algorithm ALG that assumes Asm. 3.9

and uses the predicted sign of 𝐷 satisfies:

E [ALG(I)] ≤ (𝛼 + (𝜁 − 𝛼)𝛿) · OPT(I) + ·𝐶,

with probability at least 1 − 𝜅, where 𝜁 =𝑂

(
𝜆max+𝜂+𝛾
𝜆

min

)
is the competitive ratio attainable by an algorithm that only ensures feasibility.

Proof. Suppose we are given a data set S := {𝑋𝑖 , 𝑌𝑖 }𝑁𝑖=1
of 𝑁 historical instances of OTNM, where 𝑋𝑖 denotes day-ahead features (e.g.,

weather forecasts, season) and 𝑌𝑖 ∈ {+,−} denotes the sign of the net demand.

PAC learning results guarantee the existence of a classifier where the probability of misclassifying the sign of the net demand on a

new instance is bounded. Specifically, if a classifier ℎ(·) is learned from a hypothesis class with VC dimension 𝑑 , we have that for any new

daily instance of OTNM (given by (𝑋,𝑌 )) drawn from the same distribution as S, the probability that ℎ(𝑋 ) ≠ 𝑌 (i.e., the misclassification

probability) is bounded as:

Pr

(𝑋,𝑌 )
[ℎ(𝑋 ) ≠ 𝑌 ] ≤ ˆerr(ℎ) +𝑂

(√︂
𝑑 + log(1/𝜅)

𝑁

)
,

with probability at least 1 − 𝜅 over the random draw of the data set S, where ˆerr(ℎ) is the empirical error of ℎ on S [65, Theorem 6.8].

Let 𝛿 := ˆerr(ℎ) + 𝑂
(√︃

𝑑+log(1/𝜅 )
𝑁

)
denote the upper bound on the misclassification probability. This sign-prediction error is task- and

feature-dependent: in general it can be no smaller than the Bayes error for the chosen feature set [13], and in degenerate cases (e.g., if 𝑌

is independent of the features 𝑋 , such as if 𝑌 is a coin flip), any classifier must err with probability at least 1/2. In practice, ˆerr(ℎ) can be

empirically assessed from historical data using a held-out test set; the generalization bounds above then convert the observed test error

into a high-confidence upper bound (i.e., 𝛿). Note that the confidence parameter 𝜅 is user-specified and controls the probability that this

estimation/generalization statement fails.

For a random new day (𝑋,𝑌 ) drawn from the same distribution as S, we have two cases: if the prediction is correct (with probability at

least 1 − 𝛿), then the 𝛼-competitive ALG incurs cost of at most 𝛼OPT(I) +𝐶 . If the prediction is incorrect (with probability at most 𝛿), then

we must consider the cost incurred under a “fallback” case wherein ALG must ensure feasibility without optimizing cost. Consider an online

algorithm that ensures feasibility for OTNM. Let I denote any instance of OTNM, and let ALGfeas (I) denote the cost incurred by the feasibility

algorithm on instance I. The objective of OTNM contains three components: the cost of managing the thermal network, the cost of delivering

demand to customers, and the tracking cost.

Suppose 𝐷𝑏 denotes the net base demand over the entire time horizon, i.e., 𝐷𝑏 =
∑𝑇
𝑡=1

1⊤ (b𝑡 ), and let |𝐷𝑏 | denote the total absolute
base demand over the entire time horizon, i.e., |𝐷𝑏 | =

∑𝑇
𝑡=1

1⊤ |b𝑡 |, where the absolute value is taken element-wise w.r.t. b𝑡 . Also, let
|𝐷 𝑓 | =

∑𝑛
𝑖=1

∑𝑇
𝜏=1
|𝑓𝑖,𝜏 | denote the absolute flexible drivers’ demand over the entire time horizon (where the absolute value is applied

element-wise w.r.t. f𝜏 ) and let 𝐷
+,−
𝑓

denote the sum of flexible drivers’ demand that is aligned with the sign of the net demand 𝐷𝑏 over the

entire time horizon.

Then, by definition, the cost incurred by the offline optimal solution OPT(I) is at least:

OPT(I) ≥ 𝜆min ·
(
𝐷𝑏 + 𝐷+,−𝑓

)
+ 𝜆min𝑟

(
|𝐷𝑏 | + |𝐷 𝑓 |

)
,

where 𝜆min is the minimum unit cost of network management decisions over the time horizon, and 𝜆min𝑟 is the minimum unit cost of

delivering demand (i.e., running GSHPs at houses) over the time horizon. Note that OPT cannot do better than incurring 0 tracking cost.

Then, consider the cost incurred by the online algorithm that ensures feasibility:

ALGfeas (I) ≤ (𝜆max + 2𝜂) ·
(
𝐷𝑏 + 𝐷+,−𝑓

)
+ (𝜆max𝑟 + 2𝛾)

(
|𝐷𝑏 | + |𝐷 𝑓 |

)
+ 𝜆max · 𝑆,

where 𝜆max is the maximum unit cost of network management decisions over the time horizon, 𝜆max𝑟 is an upper bound on the maximum

unit cost of delivering demand (i.e. running GSHPs at houses) over the time horizon, and 2𝜂, 2𝛾 are the worst-case tracking cost coefficients.

Note that any energy management decisions in “the wrong direction” (i.e., due to the misclassification of the sign of 𝐷) have cost bounded by

the total storage capacity 𝜆max𝑆 . E.g., if ALG “thinks” that I is a cooling instance but it is actually a heating instance, then ALG may expend at

most 𝜆max · 𝑆 cost to fully cool the storage before the minimum temperature constraint is binding—once that is the case, ALG will be forced to

only make energy management decisions that ensure feasibility, whose cost is upper bounded by 𝜆max ·
(
𝐷𝑏 + 𝐷+,−𝑓

)
.
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Then, letting 𝐶′ = (1 − 𝛿)𝐶 + 𝛿𝜆max𝑆 denote a constant independent of the instance I and probabilistically considering both cases, we

have:

E
[
ALG(I)
OPT(I)

]
≤ (1 − 𝛿) · 𝛼 + 𝛿 ·

©­­«
(𝜆max + 2𝜂) ·

(
𝐷𝑏 + 𝐷+,−𝑓

)
+ (𝜆max𝑟 + 2𝛾)

(
|𝐷𝑏 | + |𝐷 𝑓 |

)
𝜆min ·

(
𝐷𝑏 + 𝐷+,−𝑓

)
+ 𝜆min𝑟

(
|𝐷𝑏 | + |𝐷 𝑓 |

) ª®®¬ .
Letting 𝜁 :=𝑂

(
𝜆max+𝜂+𝛾
𝜆

min

)
, we have:

E
[
ALG(I)
OPT(I)

]
≤ 𝛼 + (𝜁 − 𝛼)𝛿.

Thus, we conclude that, given a data set S of 𝑁 historical instances of OTNM, there exists a classifier predicting the sign of the net demand 𝐷

whose misclassification rate is bounded by 𝛿 with probability at least 1 − 𝜅 . Then, for a new instance I of OTNM, an 𝛼-competitive algorithm

ALG that assumes Asm. 3.9 and uses the predicted sign of 𝐷 satisfies:

E [ALG(I)] ≤ (𝛼 + (𝜁 − 𝛼)𝛿) · OPT(I) +𝐶′,

with probability at least 1 − 𝜅, where 𝜁 =𝑂

(
𝜆max+𝜂+𝛾
𝜆

min

)
is the competitive ratio attainable by an algorithm that only ensures feasibility.

□

B.2 Proof of Theorem 4.3
In this section, we prove Theorem 4.3, which states that the TANDEM algorithm is 𝛼-competitive for online thermal network demand

management (OTNM), where 𝛼 is defined in (3). We start by proving the feasibility of the solution produced by TANDEM, before proceeding to

prove the competitive ratio.

Proof. Before the main competitive proof, we start our analysis by showing that the solution produced by TANDEM is feasible for OTNM.

Lemma B.1. TANDEM produces a feasible solution for OTNM, i.e., it satisfies all demand constraints, storage constraints, and rate constraints.

Proof. We prove feasibility directly by the definition of the algorithm—there are three main components to check: (i) demand satisfaction,

(ii) network capacity constraints, and (iii) rate constraints.
Note that base demand ({b𝑡 }𝑡 ∈[𝑇 ] ) is always satisfied by construction of OTNM. We must show that flexible demands ({f𝑡 }𝑡 ∈[𝑇 ] ) are

satisfied before or at their respective deadlines {𝚫𝑡 }𝑡 ∈[𝑇 ] . We start by considering the delivery (i.e., preheating or precooling) decision at

customers—in Algorithm 1, Line 4 ensures that any remaining flexible demand that reaches its deadline at time 𝑡 is fully satisfied at that time.

Note that by Assumption 3.5, this is always a feasible decision. For any flexible demand that is aligned with the sign of the net demand 𝐷 ,

Lines 11-12 in Algorithm 2 ensure that the network manager allocates sufficient energy to satisfy the demand during its lifetime (i.e., before

its deadline), satisfying the constraint on x𝑡 w.r.t. flexible demands.

Next, we show that the network capacity constraints are never violated. First, for each time step, Line 18 in Algorithm 2 ensures that

sufficient energy is procured to satisfy the net demand (including flexible demand deliveries) and maintain a non-negative storage level. Note

that by Assumption 3.5, this is always a feasible decision, and by Assumption 3.4, namely that the state 𝑠𝑡 = 0 corresponds to a case where

the network is at or below ground temperature, it is sufficient to consider the inflow and outflow of energy on line 18 without considering

thermal losses when the network must be “topped up” this way. Next, TANDEM ensures that the network is always returned to its initial state

at the end of the time horizon (i.e., 𝑠𝑇 ≥ 𝑠0) by Line 20 in Algorithm 2, which again is always feasible by Assumption 3.5.

Finally, we show that TANDEM respects all rate constraints. We start by considering the delivery decisions made at customers. By definition,

the base demand sequence respects the rate constraints of customer heat pumps (i.e., 𝑏𝑖,𝑡 ∈ [−𝜔𝑖 , 𝜔𝑖 ] for all 𝑖 and 𝑡 ). Further, in Algorithm 1,

Line 2 computes a feasible set for each delivery decision 𝑧𝑖,𝑡 that respects the rate constraints of customer 𝑖 after taking into consideration

any base demand that must be simultaneously served. Note that rate constraints are non-binding at the deadline of any flexible demand

(e.g., Line 4 in Algorithm 1) by Assumption 3.5. Next, we consider the network management decisions made by the central controller. By

construction, in Algorithm 2, Lines 8, 12, and 16 keep track of the remaining capacity (i.e.,
¯X𝑡 ) in the feasible decision set X𝑡 . The remaining

capacity is communicated to each driver when solving for their respective decisions–note that Line 11 (increasing x𝑡 to procure a flexible

demand aligned with the sign of the net demand 𝐷 at its deadline) is always feasible by Assumption 3.5–meaning that the elementwise

sum

∑
𝑖∈B∪F x𝑖,𝑡 results in a decision x𝑡 that is always in X𝑡 . Finally, Lines 19 and 20 in Algorithm 2 are always feasible by Assumption

3.5—irrespective of the current state or demand, the pump stations have enough capacity to maintain the network’s capacity and/or restore

the network to its initial state at the end of the time horizon. □

We now proceed to prove the competitive ratio of TANDEM. We start by considering the competitive ratio in a setting without rate constraints

(i.e., where x𝑡 is unconstrained for all 𝑡 ), and later extend the proof to the general case with rate constraints (see Lemma B.9). To do so, we

introduce some notation and a definition that will be useful in our analysis. For notational brevity, the following considers any arbitrary

instance of OTNM I ∈ Ω that satisfies Assumptions 3.2 - 3.9, where Ω is the set of all such instances. For ease of presentation, the following

generally assumes that the sign of the net demand is positive (i.e., that the instance I needs heating, see Asm. 3.9). If this is not the case,
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swapping the roles of heating and cooling demands throughout yields the result—we point to specific details that require extra consideration

using footnotes throughout.

Definition B.2 (Active & Inactive Periods). We partition the time horizon 𝑡 ∈ {1, . . . ,𝑇 } into active and inactive periods based on TANDEM’s
solution as follows. An active period is a contiguous interval where the thermal network’s effective storage is non-empty (i.e., 𝑠𝑡 > 0).10 An inactive
period is any interval that lies in-between two adjacent active periods.

We use the following additional notations. Suppose that for an arbitrary instance, TANDEM’s actions result in 𝐾 active periods, indexed by

𝑘 ∈ {1, . . . , 𝐾}. During the 𝑘 th active period, we denote 𝑣𝑘 as the number of base demand drivers that are created. Further, we let 𝑤̂
(𝑏 )
𝑘,𝑗

denote

the total amount of energy purchased by TANDEM for the 𝑗 th base demand driver by the end of the 𝑘 th active period, where 𝑗 ∈ {1, . . . , 𝑣𝑘 },
and let 𝐵

(𝑏 )
𝑘,𝑗

denote the total demand associated with the same driver.

Flexible demand drivers are indexed by the time at which they were created (i.e., 𝜏 ∈ {1, . . . ,𝑇 }) and customer they belong to (i.e.,

𝑖 ∈ {1, . . . , 𝑛}). We let 𝑤̂
(𝑓 )
𝑖,𝜏

and 𝑣
(𝑓 )
𝑖,𝜏

denote the total amount of energy purchased and delivered before the deadline by TANDEM for the flexible

demand driver created at time 𝜏 for customer 𝑖 – note that 𝑓𝑖,𝜏 is the total demand associated with this driver, and if 𝑓𝑖,𝜏 ≤ 0, we have 𝑤̂
(𝑓 )
𝑖,𝜏

= 0.

We let 𝐵 =
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝐵
(𝑏 )
𝑘,𝑗

denote the sum of base drivers’ demand over the entire time horizon, let |𝐷 𝑓 | =
∑𝑛
𝑖=1

∑𝑇
𝜏=1
|𝑓𝑖,𝜏 | denote

the absolute flexible drivers’ demand over the entire time horizon (where the absolute value is applied element-wise w.r.t. f𝜏 ) and let

𝐷+
𝑓
=

∑𝑛
𝑖=1

∑𝑇
𝜏=1

max{0, 𝑓𝑖,𝜏 } denote the sum of positive flexible drivers’ demand over the entire time horizon. We let 𝑠 denote the final status

of the storage at the end of the time horizon in TANDEM’s solution, i.e., 𝑠 = 𝑠𝑇 .

Finally, we introduce notation used to characterize the optimal offline solution: let 𝐺𝑘 (𝛽) denote the minimum cost of purchasing 𝛽 units

of energy during the 𝑘 th active period, let 𝐻𝑖,𝜏 (𝜉) denote the minimum cost of purchasing 𝜉 units of asset during the period [𝜏,Δ𝑖,𝜏 ] (i.e.,
during the lifetime of the 𝜏 th flexible demand at customer 𝑖), and let 𝐸𝑖,𝜏 (𝑓 ) denote the minimum cost of delivering 𝑓 units of asset during

the period [𝜏,Δ𝑖,𝜏 ].
We let 𝐷 denote the net demand over the entire time horizon, i.e., 𝐷 =

∑𝑇
𝑡=1

1⊤ (b𝑡 + f𝑡 ), let 𝐷𝑏 denote the net base demand over the

time horizon (i.e., less any positive flexible demand), i.e., 𝐷𝑏 =
∑𝑇
𝑡=1

1⊤b𝑡 +
∑𝑇
𝑡=1

1⊤min{0, f𝑡 }, where the min is taken element-wise w.r.t. f𝑡 .
We let |𝐷𝑏 | denote the total absolute base demand over the entire time horizon, i.e., |𝐷𝑏 | =

∑𝑇
𝑡=1

1⊤ |b𝑡 |, where the absolute value is taken
element-wise w.r.t. b𝑡 . Let 𝑝𝑔 denote the minimum possible cost of purchasing energy suring the idle periods, and let 𝑝𝑐 denote the weighted

average price during periods with non-zero base demand, i.e., 𝑝𝑐 =

∑𝑇
𝜏=1

𝑝𝑡𝑐
(𝑏) (b𝑡 )

|𝐷𝑏 | .

With these preliminaries, we are ready to proceed with the main competitive analysis. We begin by proving a lower bound on the cost

incurred by the optimal offline solution OPT.

Lemma B.3. Given that TANDEM produces 𝐾 active periods, let 𝛽𝑘 denote the energy purchased towards the base demand by the offline optimal
solution during the 𝑘 th active period, let 𝜉𝑖,𝜏 = max{0, 𝑓𝑖,𝜏 } denote the energy purchased towards the flexible demand driver created at time 𝜏 for
customer 𝑖 , and let 𝑝𝑔 and 𝑝𝑐 be defined as outlined above. Then, OPT(I) is lower bounded as follows:

OPT(I) ≥
𝐾∑︁
𝑘=1

𝐺𝑘 (𝛽𝑘 ) +
(
𝐷𝑏 −

𝐾∑︁
𝑘=1

𝛽𝑘

)
𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
.

Proof. The cost of an optimal offline solution, denoted as OPT(I), can be decomposed into four components. The first and second

components are the costs of purchasing energy towards the base demand and delivering the base demand, respectively. The third and fourth

components are the costs of purchasing energy towards the flexible demand and delivering the flexible demand, respectively. We analyze

each component in turn.

Recall that during the 𝑘 th active period, the optimal offline solution purchases 𝛽𝑘 units of energy towards the base demand. By definition,

the minimum cost of purchasing this energy is 𝐺𝑘 (𝛽𝑘 ). Summing over all active periods, we obtain that the total cost of purchasing energy

towards the base demand during active periods is at least

∑𝐾
𝑘=1

𝐺𝑘 (𝛽𝑘 ). Then, if the optimal solution needs to purchase additional energy

towards the base demand during inactive periods, the minimum cost of doing so is

(
𝐷𝑏 −

∑𝐾
𝑘=1

𝛽𝑘

)
𝑝𝑔 (by definition of 𝑝𝑔), and note that 𝐷𝑏

is the minimum possible energy that must be purchased over the entire time horizon (ignoring the flexible demand purchasing constraint).

Thus, the total cost of purchasing energy towards the base demand is at least

∑𝐾
𝑘=1

𝐺𝑘 (𝛽𝑘 ) +
(
𝐷𝑏 −

∑𝐾
𝑘=1

𝛽𝑘

)
𝑝𝑔. In the objective of OTNM, the

cost of delivering the base demand is given by

∑𝑇
𝑡=1

𝑝𝑡𝑐
(𝑏 ) (b𝑡 ), which can be rewritten as 𝑝𝑐 |𝐷𝑏 | by definition of 𝑝𝑐 .

Next, recall that for each unit of flexible demand (e.g., arriving at time 𝜏 at customer 𝑖), 𝜉𝑖,𝜏 = max{0, 𝑓𝑖,𝜏 } units of energy must be purchased

towards this demand by the purchasing constraint, and the least cost of doing so during the interval [𝜏,Δ𝑖,𝜏 ] is 𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ). The least cost of
delivering this flexible demand during the same interval is 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 ). Summing over all flexible demand units, we obtain that the total cost

towards the flexible demand is at least

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
. This completes the proof. □

After Lemma B.3, we now proceed to upper bound the cost incurred by TANDEM’s solution.

10
If the sign of the net demand is negative (i.e., the instance requires cooling), then a “non-empty” storage is redefined as 𝑠𝑡 < 𝑆 . Note that the role of the network is generally

reversed in this case, as the network is actually storing a “lack of energy” to accommodate extra heat exchanged from homes into the network.
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Lemma B.4. Given that TANDEM produces 𝐾 active periods, let 𝑤̂ (𝑏 )
𝑘,𝑗

, 𝐵 (𝑏 )
𝑘,𝑗

, 𝐵, 𝑤̂ (𝑓 )
𝑖,𝜏

, and 𝑣 (𝑓 )
𝑖,𝜏

be defined as outlined above. Then, the cost
incurred by TANDEM’s solution is upper bounded as:

TANDEM(I) ≤
𝐾∑︁
𝑘=1

𝑣𝑘∑︁
𝑗=1

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0

𝜙
(𝑏 )
𝑘,𝑗
(𝑦)𝑑𝑦 +

𝑇∑︁
𝜏=1

𝑛∑︁
𝑖=1

(∫ 𝑤̂
(𝑓 )
𝑖,𝜏

0

𝜙
(𝑓 )
𝑖,𝜏
(𝑦)𝑑𝑦 +

∫ 𝑣
(𝑓 )
𝑖,𝜏

0

𝜓𝑖,𝜏 (𝑦)𝑑𝑦
)

(10)

+
(
𝐵 −

𝐾∑︁
𝑘=1

𝑣𝑘∑︁
𝑗=1

𝑤̂
(𝑏 )
𝑘,𝑗

)
(𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | +

(
𝐷+
𝑓
−

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝑤̂
(𝑓 )
𝑖,𝜏

)
(𝜆max + 2𝜂) +

(
|𝐷 𝑓 | −

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝑣
(𝑓 )
𝑖,𝜏

)
(𝜆max𝑟 + 2𝛾) (11)

+ 𝐿 · 𝑆 (𝜆max + 2𝜂) (12)

Proof. This follows by explicitly characterizing the worst-case cost of TANDEM using the definitions in Algorithm 1 and Algorithm 2.

First, (10) corresponds to the worst-case cost that can be charged to each driver’s pseudo-cost threshold functions, using the definitions of

the pseudo-cost minimization subproblems in Algorithm 1 and Algorithm 2. In short, TANDEM only purchases energy or delivers flexible

demand when the marginal cost of doing so (e.g., the market price 𝑝𝑡 combined with the current efficiency, either g𝑡 or 𝑐
(𝑓 )
𝑖,𝑡

) is sufficiently

low to make the minimization problems on Line 15 (Algorithm 2) and Line 3 (Algorithm 1) negative. For instance, we can say that the cost of

purchasing energy attributable to the 𝑗 th base driver in the 𝑘 th active period is upper bounded by

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0
𝜙
(𝑏 )
𝑘,𝑗
(𝑦)𝑑𝑦. Similar reasoning applies

to the flexible demand drivers’ purchasing and delivery costs, and aggregating over all drivers yields (10).

Next, (11) corresponds to the worst-case cost incurred by TANDEM for purchasing energy, delivering demand, and generally satisfying any

constraints that are not already accounted for by integrating over the pseudo-cost thresholds. We start by considering base demand. Recall
that 𝐵 is the total size of base demand drivers over the entire time horizon, and that

∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑤̂
(𝑏 )
𝑘,𝑗

is the total amount of energy purchased

by TANDEM towards base demand drivers – any additional purchasing is captured by the difference, and in the worst case, this additional

purchasing is done at the worst price 𝜆max and incurs an additional tracking cost of 2𝜂 per unit of energy purchased. Since base demand must

be delivered at the time it arrives, the delivery cost is captured by 𝑝𝑐 |𝐷𝑏 | (as in Lemma B.3). Next, we consider flexible demand. Recall that
𝐷+
𝑓
is the total size of positive flexible demand drivers over the entire time horizon (these are the units of flexible demand that require energy

purchasing), and that

∑𝑛
𝑖=1

∑𝑇
𝜏=1

𝑤̂
(𝑓 )
𝑖,𝜏

is the total amount of energy purchased by TANDEM towards flexible demand drivers – any additional

purchasing is captured by the difference, and in the worst case, this additional purchasing is done at the worst price 𝜆max and incurs an

additional (worst-case) tracking cost of 2𝜂 per unit of energy purchased. Finally, since |𝐷 𝑓 | is the total (absolute) size of flexible demand

drivers over the entire time horizon, and that

∑𝑛
𝑖=1

∑𝑇
𝜏=1

𝑣
(𝑓 )
𝑖,𝜏

is the total amount of flexible demand delivered by TANDEM– any additional

delivery is captured by the difference, and in the worst case, this additional delivery is done at the worst marginal cost (which is itself upper

bounded by 𝜆max𝑟 ) and incurs an additional (worst-case) tracking cost of 2𝛾 per unit of flexible demand delivered.

Finally, (12) corresponds to any excess energy that remains stored at the end of the time horizon, as well as a loss term that captures

possible losses incurred within the thermal network (e.g., heat lost to surrounding earth). In OTNM, we let 𝐿 ∈ [0, 1] denote the maximum

possible loss rate within the thermal network over a time period of 𝑇 steps, and thus, in the worst-case, TANDEM must make up for 𝐿 · 𝑆 units

of lost energy at the worst possible cost of 𝜆max + 2𝜂 per unit of energy lost. This completes the proof.

□

In addition to the above lemmas, the following technical lemmas are necessary to prove a relation between the threshold functions and OPT.

Lemma B.5. By definition of the threshold function 𝜙 (·), the following relation always holds:∫ 𝑤

0

𝜙 (𝑦)𝑑𝑦 + (1 −𝑤) (𝜆max + 2𝜂) ≤ 𝛼 [𝜙 (𝑤) − 2𝜂] , ∀𝑤 ∈ [0, 1] .

Lemma B.6. By definition of the threshold functions 𝜙 (·) and𝜓 (·), the following relations always hold:∫ 𝑤

0

𝜙 (𝑦)𝑑𝑦 + (1 −𝑤) (𝜆max + 2𝜂) +
∫ 𝑣

0

𝜓 (𝑦)𝑑𝑦 + (1 − 𝑣) (𝜆max𝑟 + 2𝛾) ≤ 𝛼 [𝜙 (𝑤) − 2𝜂 +𝜓 (𝑣) − 2𝛾] , ∀𝑤, 𝑣 ∈ [0, 1] .∫ 𝑣

0

𝜓 (𝑦)𝑑𝑦 + (1 − 𝑣) (𝜆max𝑟 + 2𝛾) ≤ 𝛼 [𝜓 (𝑣) − 2𝛾] , ∀𝑣 ∈ [0, 1] .

Using the previous lemmas, we now prove the competitive ratio. Using the results in Lemmas B.3, B.4, B.5 and B.6, we claim that the following

holds:

TANDEM(I) − (𝜆max + 2𝜂) · (𝑆 + 𝐿𝑆)
OPT(I) ≤ 𝛼.

To show this result, we first substitute the bounds from Lemmas B.3 and B.4 into the left-hand side of the above expression. We define some

shorthand notation to facilitate the presentation: let𝑄 =
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0
𝜙
(𝑏 )
𝑘,𝑗
(𝑦)𝑑𝑦+∑𝑇

𝜏=1

∑𝑛
𝑖=1

( ∫ 𝑤̂
(𝑓 )
𝑖,𝜏

0
𝜙
(𝑓 )
𝑖,𝜏
(𝑦)𝑑𝑦+

∫ 𝑣
(𝑓 )
𝑖,𝜏

0
𝜓𝑖,𝜏 (𝑦)𝑑𝑦

)
denote

the integrals over the thresholds. Let 𝑊̂𝑏 =
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑤̂
(𝑏 )
𝑘,𝑗

, let 𝑊̂𝑓 =
∑𝑛
𝑖=1

∑𝑇
𝜏=1

𝑤̂
(𝑓 )
𝑖,𝜏

, and let 𝑊̂ = 𝑊̂𝑏 + 𝑊̂𝑓 . Further, let 𝑉 =
∑𝑛
𝑖=1

∑𝑇
𝜏=1

𝑣
(𝑓 )
𝑖,𝜏

.
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Let 𝜷 =
∑𝐾
𝑘=1

𝛽𝑘 denote the total amount of asset purchased towards base demand by the optimal offline solution during active periods,

noting that 𝐷𝑏 − 𝜷 ≥ 0 by definition. Using this notation, we can rewrite the left-hand side of the above expression as:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

𝑄 + (𝐵 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | + (𝐷+𝑓 − 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) − (𝜆max + 2𝜂)𝑆∑𝐾
𝑘=1

𝐺𝑘 (𝛽𝑘 ) + (𝐷𝑏 − 𝜷)𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +
∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
First, note that the total amount of energy purchased by TANDEM towards base demand can be written as follows, where {x𝑡 }𝑇𝑡=1

are the

purchasing decisions made by TANDEM over the time horizon:

𝑇∑︁
𝑡=1

1⊤x𝑡 − 𝐷+𝑓 ≤ 𝐵,

where the last inequality follows by definition of the base demand driver creation process. We have the following lemma:

Lemma B.7. Under Assumptions 3.2 - 3.9, TANDEM’s total procurement towards base demand satisfies the following inequality:

𝐵 ≤
𝑇∑︁
𝑡=1

1⊤x★𝑡 − 𝐷+𝑓 + 𝑆 ≤ 𝐷𝑏 + 𝑆,

where {x★𝑡 }𝑇𝑡=1
are the purchasing decisions made by OPT.

Proof. To show this result, let 𝑢𝑡 = 1⊤x𝑡 and let 𝑢★𝑡 = 1⊤x★𝑡 . The thermal network’s state update is governed by an arbitrary thermo-

dynamic model that captures losses within the network. By Assumption 3.4, we know that it can be decomposed into a state update that

consists of conservation of energy minus a loss term. Suppose we account for the loss term (for the entire time horizon) separately—then we

know that the state update respects the following conservation inequality for both TANDEM and OPT:

𝑠𝑡 = 𝑠𝑡−1 + 𝑢𝑡 − 1⊤ (b𝑡 + z𝑡 ),

and define cumulative purchased energy as

𝑈 (𝑡) :=

𝑡∑︁
𝜏=1

𝑢𝑡 , 𝑈★(𝑡) :=

𝑡∑︁
𝜏=1

𝑢★𝑡 .

Denote the state of the effective storage at time 𝑡 for TANDEM and OPT as 𝑠𝑡 and 𝑠
★
𝑡 , respectively. By rearranging the conservation equation,

we have:

𝑠𝑡 − 𝑠★𝑡 =
(
𝑠𝑡−1 − 𝑠★𝑡−1

)
+

(
𝑢𝑡 − 𝑢★𝑡

)
.

Since both TANDEM and OPT start with the same initial state 𝑠0 = 𝑠★
0
, this telescopes to:

𝑠𝑡 − 𝑠★𝑡 =𝑈 (𝑡) −𝑈★(𝑡) .

Now, we claim that due to TANDEM’s design, we always have 𝑠𝑡 ≤ 𝑠★𝑡 + 𝑆 . To see this, suppose for contradiction that there is a first time 𝑡 such

that 𝑠𝑡 − 𝑠★𝑡 > 𝑆 , and let 𝑡 be minimal with that property. Then 𝑠𝑡−1 − 𝑠★𝑡−1
≤ 𝑆 , but after the time step it jumps above 𝑆 . The only way the

difference changes is through purchases 𝑢𝑡 and 𝑢
★
𝑡 , so we must have 𝑢𝑡 > 𝑢

★
𝑡 and 𝑢𝑡 > 0. Note that 𝑢𝑡 > 0 implies that TANDEM purchased

energy at time 𝑡 , which means that it must be the case that 𝑠𝑡−1 < 𝑆 (otherwise, TANDEM would not have purchased energy due to the storage

being full). Then we have that 𝑠𝑡−1 < 𝑆 and 𝑠𝑡−1 − 𝑠★𝑡−1
≤ 𝑆 , which implies that 𝑠★𝑡−1

≥ 0. From the update, we have:

𝑠𝑡 = 𝑠𝑡−1 + 𝑢𝑡 − 1⊤ (b𝑡 + z𝑡 ) .

However, purchases (i.e., 𝑢𝑡 ) can only increase the storage level up to 𝑆 , and since 𝑠★𝑡−1
≥ 0, 𝑠𝑡 − 𝑠★𝑡 cannot exceed 𝑆 . This contradicts the

assumption that 𝑠𝑡 − 𝑠★𝑡 > 𝑆 , and thus, we conclude that 𝑠𝑡 ≤ 𝑠★𝑡 + 𝑆 for all 𝑡 . Using this result, we have:

𝑈 (𝑇 ) −𝑈★(𝑇 ) = 𝑠𝑇 − 𝑠★𝑇 ≤ 𝑆,

which is equivalent (by the definition of𝑈 (·)) to:
𝑇∑︁
𝑡=1

1⊤x𝑡 ≤
𝑇∑︁
𝑡=1

1⊤x★𝑡 + 𝑆,

Since both TANDEM and OPT satisfy purchasing requirements for positive flexible demands exactly, we have:

𝑇∑︁
𝑡=1

1⊤x𝑡 − 𝐷+𝑓 ≤
𝑇∑︁
𝑡=1

1⊤x★𝑡 − 𝐷+𝑓 + 𝑆,
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and furthermore,

∑𝑇
𝑡=1

1⊤x★𝑡 −𝐷+𝑓 = 𝐷𝑏 since OPT is optimal and the base demand purchasing requirement is tight at optimality. Furthermore,

since the above holds for any arbitrary TANDEM solution, it holds when
∑𝑇
𝑡=1

1⊤x𝑡 is exactly equal to the amount of base demand drivers

created, i.e., 𝐵, yielding:

𝐵 ≤
𝑇∑︁
𝑡=1

1⊤x★𝑡 − 𝐷+𝑓 + 𝑆 ≤ 𝐷𝑏 + 𝑆,

which completes the proof. □

Using Lemma B.7, we can substitute 𝐵 ≤ 𝐷𝑏 + 𝑆 into the previous expression, yielding:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

𝑄 + (𝐷𝑏 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | + (𝐷+𝑓 − 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾
𝑘=1

𝐺𝑘 (𝛽𝑘 ) + (𝐷𝑏 − 𝜷)𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +
∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) (13)

Using the fact that 𝐷𝑏 − 𝜷 ≥ 0 and |𝐷𝑏 | − 𝜷 ≥ 0, the following is equivalent:

=
𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | + (𝐷+𝑓 − 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) + (𝐷𝑏 − 𝜷) (𝜆max + 2𝜂) + (|𝐷𝑏 | − 𝜷)𝑝𝑐∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) + 𝑝𝑐𝜷 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
+ (𝐷𝑏 − 𝜷)𝑝𝑔 + (|𝐷𝑏 | − 𝜷)𝑝𝑐

Then, we have the following:

≤ max

{
𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+

𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) + 𝑝𝑐𝜷 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,
(𝐷𝑏 − 𝜷) (𝜆max + 2𝜂) + (|𝐷𝑏 | − 𝜷)𝑝𝑐
(𝐷𝑏 − 𝜷)𝑝𝑔 + (|𝐷𝑏 | − 𝜷)𝑝𝑐

,
𝑝𝑐𝜷

𝑝𝑐𝜷

}
,

where the definition of 𝑝𝑔 ensures that the second term in the max is at most 𝛼 , and the third term is 1. We now focus on the first term. For

the sake of contradiction, suppose that:

𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+
𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) > 𝛼. (14)

Note that 𝜷 is the total amount of asset purchased towards base demand by the optimal offline solution during active periods, and recall that

active periods contain strictly better prices than inactive periods (by definition). We reason about how the cost of OPT and TANDEM relate in

terms of 𝐵 =
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝐵
(𝑏 )
𝑘,𝑗

, the demand assigned to base drivers. We have the following relation:

𝑄 + (𝐵 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+
𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1
𝐺𝑘 (𝐵𝑘 ) +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,

≥
𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+

𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) + (𝐵 − 𝜷) (𝜆max + 2𝜂)∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
+∑𝐾

𝑘=1
(𝐺𝑘 (𝐵𝑘 ) −𝐺𝑘 (𝛽𝑘 ))

> 𝛼,

where in the second inequality, we have used the fact that there is a worst-case input instance such that for all 0 < 𝛽 < 𝛽 ′ <
∑𝑣𝑘
𝑗=1
𝐵
(𝑏 )
𝑘,𝑗
− ˆ𝑏𝑘 ,

we have 𝐺𝑘 (𝛽 ′) −𝐺𝑘 (𝛽) < (𝛽 ′ − 𝛽)𝑝𝑔, where ˆ𝑏𝑘 is the initial state of the storage at the start of the 𝑘
th
active period in OPT’s solution. We

have the following lemma to show this:

Lemma B.8. Defining ˆ𝑏𝑘 as the initial state of the storage at the start of the 𝑘 th active period in OPT’s solution, there exists a worst-case input
instance such that for all 0 < 𝛽 < 𝛽 ′ <

∑𝑣𝑘
𝑗=1
𝐵
(𝑏 )
𝑘,𝑗
− ˆ𝑏𝑘 , we have:

(1) 𝐺𝑘 (0) = 0,
(2) 𝐺𝑘 (𝛽 ′) > 𝐺𝑘 (𝛽),
(3) 𝐺𝑘 (𝛽 ′) −𝐺𝑘 (𝛽) ≤ (𝛽 ′ − 𝛽)𝑝𝑔.

Proof. Statements 1 and 2 follow directly from the definition of𝐺𝑘 (·). Recall that 𝑝𝑔 is defined as the minimum possible cost of purchasing

energy during inactive periods, which corresponds with the worst (highest) marginal cost that TANDEM’s base drivers are willing to pay to fill

the thermal network’s effective storage.

To prove statement 3, consider any input instance for the problem denoted as I = [(𝑝𝑡 , g𝑡 , b𝑡 , f𝑡 ,𝚫𝑡 )]𝑡 ∈[𝑇 ] . We can construct a modified

input instance I′ from I as follows:

I′ = [(𝑝𝑔, 0, 0, ·), (𝑝1, g1, b1, f1,𝚫1), (𝑝𝑔, 0, 0, ·), (𝑝2, g2, b2, f2,𝚫2), . . . , (𝑝𝑇 , g𝑇 , b𝑇 , f𝑇 ,𝚫𝑇 )] .

The purpose of constructing this new input is to guarantee that the purchasing cost of TANDEM does not change, and the purchasing cost of

OPT will not increase (for this worst-case logic, we only consider the purchasing cost, ignoring additional e.g., tracking costs that would

increase OPT’s cost). Note that this is possible because an adversary can set the length of the time horizon. Let𝐺𝑘 (𝛽) be the minimum cost of

purchasing 𝛽 units of energy during the 𝑘 th active period. When OPT purchases another 𝛽 ′ − 𝛽 units of energy (where 𝛽 ′ ≤ ∑𝑣𝑘
𝑗=1
𝐵
(𝑏 )
𝑘,𝑗
− ˆ𝑏𝑘 )
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during the 𝑘 th active period, the additional cost will not be larger than (𝛽 ′ − 𝛽)𝑝𝑔, since OPT can always choose to purchase at any newly

added time slots. Thus, there always exists a worst-case input such that 𝐺𝑘 (𝛽 ′) −𝐺𝑘 (𝛽) ≤ (𝛽 ′ − 𝛽)𝑝𝑔. □

We proceed to work with the expression in terms of 𝐵. During the 𝑘 th active period and the lifetime of the 𝑗 th base driver, the minimum

marginal purchasing cost observed is given by 𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂 (by definition of the threshold function). Similarly, during the lifetime of

the flexible demand driver arriving at time 𝜏 for household 𝑖 , the minimum marginal purchasing and delivery costs observed are given

by 𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂 and𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾 , respectively. This gives the following lower bounds on the terms that depend on 𝐺𝑘 , 𝐻𝑖,𝜏 , and 𝐸𝑖,𝜏 ,

respectively:

𝐾∑︁
𝑘=1

𝐺𝑘

(
𝑣𝑘∑︁
𝑗=1

𝐵
(𝑏 )
𝑘,𝑗

)
≥

𝑣𝑘∑︁
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
× 𝐵 (𝑏 )

𝑘,𝑗
,

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) ≥
𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
× 𝜉𝑖,𝜏 ,

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝐸𝑖,𝜏 (𝑓𝑖,𝜏 ) ≥
𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
× 𝑓𝑖,𝜏 .

Substituting these bounds into the previous expression, we have that the left-hand side of (14) is less than or equal to:

𝑄 + (𝐵 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+
𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1

∑𝑣𝑘
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

.

By rearranging the terms in the above and substituting for 𝑄 , we obtain the following:

≤
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑋
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

𝑋
(𝑓 )
𝑖,𝜏∑𝐾

𝑘=1

∑𝑣𝑘
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

. (15)

where 𝑋
(𝑏 )
𝑘,𝑗

and 𝑋
(𝑓 )
𝑖,𝜏

are defined as follows (for each driver):

𝑋
(𝑏 )
𝑘,𝑗

=

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0

𝜙
(𝑏 )
𝑘,𝑗
(𝑦)𝑑𝑦 + (𝐵 (𝑏 )

𝑘,𝑗
− 𝑤̂ (𝑏 )

𝑘,𝑗
) (𝜆max + 2𝜂),

𝑋
(𝑓 )
𝑖,𝜏

=

∫ 𝑤̂
(𝑓 )
𝑖,𝜏

0

𝜙
(𝑓 )
𝑖,𝜏
(𝑦)𝑑𝑦 + (𝜉𝑖,𝜏 − 𝑤̂ (𝑓 )𝑖,𝜏

) (𝜆max + 2𝜂) +
∫ 𝑣

(𝑓 )
𝑖,𝜏

0

𝜓𝑖,𝜏 (𝑦)𝑑𝑦 + (𝑓𝑖,𝜏 − 𝑣 (𝑓 )𝑖,𝜏
) (𝜆max𝑟 + 2𝛾) .

Since (14) is > 𝛼 by assumption, one of the following cases must be true:

Case 1: There exists some base driver with 𝑘 ∈ {1, . . . , 𝐾} and 𝑗 ∈ {1, . . . , 𝑣𝑘 } such that:

𝑋
(𝑏 )
𝑘,𝑗

> 𝛼

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
.

Case 2: There exists some flexible demand driver with 𝑖 ∈ {1, . . . , 𝑛} and 𝜏 ∈ {1, . . . ,𝑇 } such that:

𝑋
(𝑓 )
𝑖,𝜏

> 𝛼

((
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

)
.

But, if either of these two cases are true (i.e., for any unit of base or flexible demand), they contradict Lemmas B.5 and B.6, respectively. Thus,

we conclude that our initial assumption in (14) must be false, completing the proof that
TANDEM(I)−(𝜆max+2𝜂 ) · (𝑆+𝐿𝑆 )

OPT(I) ≤ 𝛼 .
Using this result, we have:

TANDEM(I) ≤ 𝛼OPT(I) + (𝜆max + 2𝜂) · (𝑆 + 𝐿𝑆) ,
where (𝜆max + 2𝜂) · (𝑆 + 𝐿𝑆) is a constant. This shows that TANDEM is 𝛼-competitive under Def. 3.1, which completes the main proof of the

competitive ratio. We conclude the proof of Theorem 4.3 with a remark on the impact of rate constraints in the following lemma:

Lemma B.9. TANDEM remains 𝛼-competitive when rate constraints are imposed on the network management decisions of both TANDEM and OPT.

Proof. Denote x𝑡 and x★𝑡 as the purchasing decisions made by TANDEM and OPT (respectively), and define T𝑟 ⊂ {1, . . . ,𝑇 } as the set of
time steps where rate constraints are active for TANDEM (i.e., x𝑡 is limited by a maximum rate at those time steps).

When TANDEM is not rate-constrained, recall that the 𝑖th purchasing driver solves the following pseudo-cost minimization problem at

each time step: x𝑖,𝑡 ← argminx∈R𝑚 𝑝𝑡g⊤𝑡 x + 𝜂∥x − x̃𝑖,𝑡 ∥ − Φ𝑖 (𝑤𝑖,𝑡−1,𝑤𝑖,𝑡−1 + 1⊤x), where𝑤𝑖,𝑡 =𝑤𝑖,𝑡−1 + 1⊤x𝑖,𝑡 corresponds to the best price

observed so far by the 𝑖th purchasing driver up to time 𝑡 , given by 𝜙𝑖 (𝑤𝑖,𝑡 ) − 2𝜂.

When rate constraints are active at time 𝑡 ∈ T𝑟 , the purchasing decision is constrained to x̄𝑖,𝑡 , which is the solution to the same pseudo-cost

minimization problem but with an additional constraint on the maximum allowable purchase rate. Let 𝑤̄𝑖,𝑡 = 𝑤̄𝑖,𝑡−1 + 1⊤x̄𝑖,𝑡 denote the
(reduced) amount purchased during this step, and note that by the monotonicity of 𝜙 , we have 𝜙𝑖 (𝑤̄𝑖,𝑡 ) > 𝜙𝑖 (𝑤𝑖,𝑡 ). This has two implications
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– first, although TANDEM’s total cost is upper-bounded with respect to 𝜙𝑖 (𝑤̄𝑖,𝑡 ), in a rate-constrained setting, for any 𝑡 ∈ T𝑟 , the cost incurred
by TANDEM is actually lower since it purchases energy at the lower cost corresponding to 𝜙𝑖 (𝑤𝑖,𝑡 ). Second, since 𝜙𝑖 (𝑤̄𝑖,𝑡 ) typically forms a

lower bound on OPT’s cost (as shown in the main proof), the bound must be adjusted to account for the fact that the actual price paid by OPT
is the lower cost corresponding to 𝜙𝑖 (𝑤𝑖,𝑡 ). Formally, we define a function 𝜇 (𝑡) for each time step 𝑡 ∈ T𝑟 as follows:

𝜇 (𝑡) =
∑︁

𝑖∈B𝑡∪F𝑡

(
𝜙𝑖 (𝑤̄𝑖,𝑡 ) − 𝜙𝑖 (𝑤𝑖,𝑡 )

)
,

where B𝑡 and F𝑡 denote the sets of active drivers at time 𝑡 . This function 𝜒 (·) captures the cumulative difference in cost bounds due to rate

constraints across all rate-constrained periods 𝑡 ∈ T𝑟 . Picking up from (13) in the main proof, we can bound the competitive ratio as follows:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

𝑄 + (𝐷𝑏 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | + (𝐷+𝑓 − 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) −∑
𝑡 ∈T𝑟 𝜇 (𝑡)1⊤x𝑡∑𝐾

𝑘=1
𝐺 ′
𝑘
(𝛽𝑘 ) + (𝐷𝑏 − 𝜷)𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻
′ (𝑖 )
𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,

where 𝐺 ′
𝑘
(·) and 𝐻

′ (𝑖 )
𝜏 (·) are defined similarly to 𝐺𝑘 (·) but account for rate constraints in OPT’s solution. Note that the last term in the

numerator captures the reduction in TANDEM’s cost due to the “over-estimation” of cost incurred during rate-constrained periods. Then,

similarly to the main proof, 𝐺 ′
𝑘
(·) and 𝐻

′ (𝑖 )
𝜏 (·) satisfy:

𝐾∑︁
𝑘=1

𝐺𝑘

(
𝑣𝑘∑︁
𝑗=1

𝐵
(𝑏 )
𝑘,𝑗

)
+

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) ≥
𝑣𝑘∑︁
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
× 𝐵 (𝑏 )

𝑘,𝑗
+

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
× 𝜉𝑖,𝜏 −

∑︁
𝑡 ∈T𝑟

𝜇 (𝑡)1⊤x★𝑡 .

Then, using (15) and following the same reasoning as in the main proof, we have:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

max


∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑋
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

𝑋
(𝑓 )
𝑖,𝜏
−∑

𝑡 ∈T𝑟 𝜇 (𝑡)1⊤x𝑡∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏 −

∑
𝑡 ∈T𝑟 𝜇 (𝑡)1⊤x★𝑡

, 𝛼


In the worst-case, we have that

1⊤x𝑡
1⊤x★𝑡

≤ 𝛼 for any 𝑡 ∈ T𝑟—we show this by contradiction. Suppose I = [(𝑝𝑡 , g𝑡 , b𝑡 , f𝑡 ,𝚫𝑡 )]𝑡 ∈[𝑇 ] is the
worst-case instance and at time slot 𝑡 , we have 1⊤x𝑡/1⊤x★𝑡 > 𝛼 . We can construct a modified input instance I′ from I by increasing the price

and efficiency at time 𝑡 by 𝛿𝑝 and 𝛿𝑔 , where 𝛿 = 𝛿𝑝 × 𝛿𝑔 ≤ 𝜒 (𝑡). That is:

I′ =
[
(𝑝1, g1, b1, f1,𝚫1), . . . , (𝑝𝑡−1, g𝑡−1, b𝑡−1, f𝑡−1,𝚫𝑡−1), (𝑝𝑡 + 𝛿𝑝 , g𝑡 + 𝛿𝑔, b𝑡 , f𝑡 ,𝚫𝑡 ), (𝑝𝑡+1, g𝑡+1, b𝑡+1, f𝑡+1,𝚫𝑡+1), . . . , (𝑝𝑇 , g𝑇 , b𝑇 , f𝑇 ,𝚫𝑇 )

]
.

In this modified input instance, the cost of TANDEM increases by 𝛿 × 1⊤x𝑡 , while the cost of OPT increases by less than
𝛿×1⊤x𝑡

𝛼
, since OPT

can always choose to purchase at other time slots. This contradicts the assumption that I is the worst-case input instance, and thus, we

conclude that in the worst-case,
1⊤x𝑡
1⊤x★𝑡

≤ 𝛼 for any 𝑡 ∈ T𝑟 . We have

∑
𝑡 ∈T𝑟 𝜒 (𝑡 )1

⊤x𝑡∑
𝑡 ∈T𝑟 𝜒 (𝑡 )1⊤x

★
𝑡

≤ 𝛼, which yields:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

max


∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑋
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

𝑋
(𝑓 )
𝑖,𝜏∑𝐾

𝑘=1

∑𝑣𝑘
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

, 𝛼

 .
Combining the above with the contradiction in (14) from the main proof, we have that TANDEM is 𝛼-competitive even when rate constraints

are imposed on the network management side, as desired. □

□

B.3 Proof of Theorem 4.4
In this section, we prove Theorem 4.4, which states that 𝛼 (as defined in (3)) is the best achievable competitive ratio for any deterministic

online algorithm solving OTNM.

Proof. To show this result, we define a family of special instances and show that the competitive ratio of any deterministic algorithm is

lower bounded under these instances. Consider the following set of instances {I𝑥 }𝑥∈[𝜆
min

,𝜆max ] , where I𝑥 is called an 𝑥-decreasing instance,
and 𝜆min and 𝜆max are the best and worst marginal prices for heat exchange at (any) pump station (recall 𝜆min is defined as 𝑝min · 𝑔min and

𝜆max is defined as 𝑝max · 𝑔max), where 𝑔max = 1. The precise definition of an 𝑥-decreasing instance is given below.
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Definition B.10 (𝑥-decreasing instance for OTNM). Suppose there is a single pump station and two customers. Let 𝑠0 = 0 initially. Let𝑤,𝑞 ∈ N
be sufficiently large, and denote 𝜚 := 𝜆max−𝜆min/𝑤. Suppose that both customers have identical efficiency factors 𝑐 (𝑏 ) ≤ 1, and let the ratio 𝑟 be

defined as 𝑟 := 𝑐 (𝑏)
𝑔

min

.

For 𝑥 ∈ [𝜆min, 𝜆max], we define an 𝑥-decreasing instance I𝑥 of OTNM as follows: The sequence is partitioned into 𝑛𝑥 := 2 · ⌈(𝑥−𝜆min
)/𝜚⌉ + 1

alternating “batches”. If 𝑘 is odd, the 𝑘 th batch (𝑘 ∈ [𝑛𝑥 − 2]) contains 𝑞 inputs with 𝑝𝑡𝑔𝑡 = 𝜆max for the pump station (i.e., for decision 𝑥𝑡 ),

and 𝑝𝑡𝑐
(𝑓 )
𝑖,𝑡

= 𝜆max · 𝑟 at both customers (i.e., for decisions 𝑧1,𝑡 and 𝑧2,𝑡 ), where 𝑐
(𝑓 )
𝑖,𝑡

denotes the coefficient of the function 𝑐
(𝑓 )
𝑡 (·) at customer

𝑖 at time 𝑡 . If 𝑘 is even, the 𝑘 th batch contains 2 inputs with 𝑝𝑡𝑔𝑡 = 𝜆max − (⌈𝑘/2⌉)𝜚 for the pump station, and 𝑝𝑡𝑐
(𝑓 )
𝑖,𝑡

= (𝜆max − (⌈𝑘/2⌉)𝜚 ) · 𝑟
at both customers. The last two batches consist of 𝑞 inputs with 𝑝𝑡𝑔𝑡 = 𝑥 + 𝜄 for the pump station, and 𝑝𝑡𝑐

(𝑓 )
𝑖,𝑡

= (𝑥 + 𝜄) · 𝑟 at both customers,

where 𝜄 > 0 is an arbitrarily small constant; followed by a final batch of 𝑞 inputs with 𝑝𝑡𝑔𝑡 = 𝜆max for the pump station, and 𝑝𝑡𝑐
(𝑓 )
𝑖,𝑡

= 𝜆max · 𝑟
at both customers.

Note that when 𝑥 → 𝜆min, the second-to-last batch of inputs has 𝑝𝑡𝑐
(𝑓 )
𝑖,𝑡
→ 𝜆min · 𝑟 = 𝑝min · 𝑐 (𝑏 ) .

The demand sequence is defined as follows: At 𝑡 = 1, two flexible demands arrive – a flexible demand 𝑓1,1 = 0.5 + 𝑃 (0.5) with deadline

Δ1,1 = 𝑇 at the first customer, and a unit-size flexible demand 𝑓2,1 = −0.5 + 𝑃 (0.5) with deadline Δ2,1 = 𝑇 at the second customer. 𝑃 is a

parameter in (0, 1]. All other demands b𝑡 and f𝑡 are zero. Note that the total demand is exactly 𝑃 , and the sequence has positive net demand

(i.e., heating mode).

The tracking target is defined separately for pump stations and each customer – we set 𝑥𝑡 = 0 and 𝑧𝑖,𝑡 = 0 for all batches of prices except

the second-to-last batch, where 𝑧𝑖,𝑡 = 1/2𝑞 for both customers and 𝑥𝑡 = 𝑃/𝑞 for all 𝑞 prices. Note that ∑𝑇
𝑡=1

∑
2

𝑖=1
𝑧𝑖,𝑡 = 1 and

∑𝑇
𝑡=1

𝑥𝑡 = 𝑃 .

Let ℎ(𝑥) and𝑚(𝑥) denote conversion functions that both map [𝜆min, 𝜆max] → [0, 1], respectively. Suppose these arbitrary functions fully

describe the actions of a deterministic ALG for OTNM on an instance I𝑥 .
Specifically, suppose that ℎ(𝑥) describes ALG’s network management decisions, and𝑚(𝑥) describes ALG’s fulfillment decisions before the

arrival of the last batch of prices (𝜆max) in the instance. Note that by definition,𝑚(𝑥) ≤ 1 − 𝑃 + ℎ(𝑥)𝑃 , since the heating demand fulfillment

“matches” up with the cooling demand (up to 𝑃 ). Note that for large 𝑤 , processing an instance I𝑥−𝜚 is equivalent to first processing I𝑥
(besides the last two batches), and then processing batches with prices 𝑥 − 𝜚 and 𝜆max.

Since ALG is deterministic and both conversions (i.e., purchasing and delivery) are both unidirectional (irrevocable), we must have that

ℎ(𝑥 − 𝜚 ) ≥ ℎ(𝑥) and𝑚(𝑥 − 𝜚 ) ≥𝑚(𝑥), i.e., ℎ(𝑥) and𝑚(𝑥) are both non-increasing in [𝜆min, 𝜆max]. Intuitively, the entire demand should be

fulfilled before the end of the sequence if the lowest price appears, i.e., ℎ(𝜆min) = 1,𝑚(𝜆min) = 1.

Due to the tracking target, any purchasing or fulfillment decisions before the second-to-last batch incur a tracking penalty of 𝜂𝐻 (𝑥)𝑃 +
𝛾𝑀 (𝑥), since the target is zero during this time. Furthermore, during the last two batches, ALG incurs a tracking penalty of 𝜂𝑃 + 𝛾 + 𝜂 (1 −
𝐻 (𝑥))𝑃 + 𝛾 (1 −𝑀 (𝑥)), since the target is 1/𝑞 during the first 𝑞 prices in the batch, and zero during the second 𝑞 prices in the batch – note

that ALG must purchase (1 −𝐻 (𝑥)) and fulfill (1 −𝑀 (𝑥)) at the last price to satisfy the deadlines. Thus, the total tracking penalty incurred

by ALG is given by 2𝜂𝑃 + 2𝛾 . Then the total cost of ALG on instance I𝑥 is described by:

ALG(I𝑥 ) = 𝑃ℎ(ℓ)ℓ − 𝑃
∫ 𝑥

ℓ

𝑢𝑑ℎ(𝑢) + 𝑃 (1 − ℎ(𝑥))𝜆max + 2𝜂𝑃 + 2𝛾 + 𝑟 ℓ𝑚(ℓ) − 𝑟
∫ 𝑥

ℓ

𝑢𝑑𝑚(𝑢) + (1 −𝑚(𝑥))𝑟𝜆max .

The optimal cost on instance I𝑥 (if all prices are known in advance) is given by:

OPT(I𝑥 ) = 𝑃𝑥 + 𝑟𝑥,

where note that OPT incurs no tracking penalty by perfectly matching the target. If ALG is 𝛼★-competitive, then a necessary condition is

that for all 𝑥 ∈ [𝜆min, 𝜆max], ALG(I𝑥 ) ≤ 𝛼★OPT(I𝑥 ). This imposes a necessary condition on ℎ(𝑥) and𝑚(𝑥), which can be expressed as the

following differential inequality:

𝑃ℎ(ℓ)ℓ − 𝑃
∫ 𝑥

ℓ

𝑢𝑑ℎ(𝑢) + 𝑃 (1 − ℎ(𝑥))𝜆max + 2𝜂𝑃 + 2𝛾 + 𝑟 ℓ𝑚(ℓ) − 𝑟
∫ 𝑥

ℓ

𝑢𝑑𝑚(𝑢) + (1 −𝑚(𝑥))𝑟𝜆max ≤ 𝛼★ (𝑃𝑥 + 𝑟𝑥) .

Note that the symmetry of the above implies that ℎ(ℓ) =𝑚(ℓ) and ℎ(𝑥) =𝑚(𝑥) for all 𝑥 ∈ [𝜆min, 𝜆max]. Using integration by parts, this

gives the following condition on ℎ(𝑥):

(𝑃 + 𝑟 )ℎ(𝑥)𝑥 − (𝑃 + 𝑟 )
∫ 𝑥

ℓ

ℎ(𝑢)𝑑𝑢 + (𝑃 + 𝑟 ) (1 − ℎ(𝑥))𝜆max + 2𝜂𝑃 + 2𝛾 ≤ 𝛼★ (𝑃𝑥 + 𝑟𝑥) ,

ℎ(𝑥)𝑥 −
∫ 𝑥

ℓ

ℎ(𝑢)𝑑𝑢 + (1 − ℎ(𝑥))𝜆max +
2𝜂𝑃 + 2𝛾

𝑃 + 𝑟 ≤ 𝛼★𝑥,

𝜆max +
2𝜂𝑃 + 2𝛾

𝑃 + 𝑟 − 𝛼★𝑥 −
∫ 𝑥

ℓ

ℎ(𝑢)𝑑𝑢 ≤ (𝜆max − 𝑥)ℎ(𝑥),

𝜆max + 2𝜂𝑃+2𝛾

𝑃+𝑟 − 𝛼
★𝑥

𝜆max − 𝑥
− 1

𝜆max − 𝑥

∫ 𝑥

ℓ

ℎ(𝑢)𝑑𝑢 ≤ ℎ(𝑥) .
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Let𝑄 =
2𝜂𝑃+2𝛾

𝑃+𝑟 . To solve for 𝛼★, we can use Grönwall’s inequality [47, Theorem 1, p. 356]. First, observe that 𝐻 (𝑥) must satisfy the following:

ℎ(𝑥) ≥ 𝜆max +𝑄 − 𝛼★𝑥
𝜆max − 𝑥

− 1

𝜆max − 𝑥

∫ 𝑥

ℓ

ℎ(𝑢)𝑑𝑢.

By Grönwall’s inequality, it follows that:

ℎ(𝑥) ≥ 𝜆max +𝑄 − 𝛼★𝑥
𝜆max − 𝑥

−
∫ 𝑥

ℓ

𝜆max +𝑄 − 𝛼★𝑢
(𝜆max − 𝑢)2

𝑑𝑢,

ℎ(𝑥) ≥ 𝜆max +𝑄 − 𝛼★𝑥
𝜆max − 𝑥

−
[
𝜆max𝛼

★ − 𝜆max −𝑄
𝑢 − 𝜆max

− 𝛼★ ln (𝜆max − 𝑢)
]𝑥
ℓ

Letting ℓ =
𝜆max+𝑄
𝛼★

, we can simplify the above as follows:

ℎ(𝑥) ≥ 𝛼★ ln

[
𝜆max − 𝑥
𝜆max − ℓ

]
.

Recall that we have a boundary condition that ℎ(𝜆min) = 1 – we can combine this with the above to obtain:

1 = 𝛼★ ln

[
𝜆max − 𝜆min

𝜆max − 𝜆max+𝑄
𝛼★

]
.

Solving the above yields that the optimal 𝛼★ for any ALG solving OTNM is lower bounded by:

𝛼★ ≥


𝜆max

𝑄 + 𝜆max

+𝑊
©­­«−

exp

(
− 𝜆max

𝑄+𝜆max

)
(𝜆max − 𝜆min)

𝑄 + 𝜆max

ª®®¬

−1

,

where 𝑄 =
2𝜂𝑃+2𝛾

𝑃+𝑟 . Note that 𝑄 depends on 𝑃 , which is the parameter defining the demand sequence in the instance. For given (fixed) values

of 𝜆min, 𝜆max, 𝑟 , 𝜂,𝛾, 𝐿, we can optimize over 𝑃 to obtain the best lower bound on 𝛼★ as follows:

𝛼★ ≥ max

𝑃∈ (0,1]


𝜆max

2𝜂𝑃+2𝛾

𝑃+𝑟 + 𝜆max

+𝑊
©­­­­«
−

exp

(
− 𝜆max

2𝜂𝑃+2𝛾

𝑃+𝑟 +𝜆max

)
(𝜆max − 𝜆min)

2𝜂𝑃+2𝛾

𝑃+𝑟 + 𝜆max

ª®®®®¬

−1

.

The above maximization exactly corresponds with maximizing 𝑄 over 𝑃 ∈ (0, 1], which can be solved analytically as follows. Consider the

endpoints (i.e., where 𝑃 → 0
+
and 𝑃 = 1):

lim

𝑃→0
+
𝑄 =

2𝛾

𝑟
,

𝑄 |𝑃=1 =
2𝜂 + 2𝛾

1 + 𝑟 .

By setting these two expressions equal, we obtain a critical value in terms of 𝜂, 𝑐 , and 𝐿 as 𝜂 =
2𝛾

2𝑟
— when 𝜂 <

𝛾

𝑟
, 𝑄 is maximized at 𝑃 → 0

+
;

when 𝜂 >
𝛾

𝑟
, 𝑄 is maximized at 𝑃 = 1; and when 𝜂 =

𝛾

𝑟
, 𝑄 is constant for all 𝑃 ∈ (0, 1]. Thus, the optimal lower bound on 𝛼★ is given by:

𝛼★ ≥




𝜆max

2𝛾
𝑟 +𝜆max

+𝑊
©­­­«−

exp

(
− 𝜆max

2𝛾
𝑟 +𝜆max

)
(𝜆max−𝜆min

)

2𝛾
𝑟 +𝜆max

ª®®®¬

−1

, if 𝜂 ≤ 𝛾

𝑟
,


𝜆max

2𝜂+2𝛾
1+𝑟 +𝜆max

+𝑊
©­­­«−

exp

(
− 𝜆max

2𝜂+2𝛾
1+𝑟 +𝜆max

)
(𝜆max−𝜆min

)

2𝜂+2𝛾
1+𝑟 +𝜆max

ª®®®¬

−1

, if 𝜂 >
𝛾

𝑟
,

letting 𝜇 :=
2𝛾

𝑟
when 𝜂 ≤ 𝛾

𝑟
, and 𝜇 :=

2𝜂+2𝛾

1+𝑟 when 𝜂 >
𝛾

𝑟
, we exactly obtain the expression for 𝛼 in (3), which completes the proof. □
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B.4 Proof of Corollary 4.5
In this section, we prove Corollary 4.5, which states that TANDEM is 𝛼𝛽-competitive for OTNM with a detailed model of customer COP

efficiencies, where 𝛽 := 𝑐max/𝑐min.

Consider the offline OTNM problem with feasible set F over trajectories 𝜋 := {(x𝑡 , z𝑡 , 𝑠𝑡 )}𝑇𝑡=1
and note that the feasibility of the problem

(constraints, deadlines, and the state evolution 𝑠𝑡 =𝑀 (𝑠𝑡−1, x𝑡 , 𝑏𝑡 , z𝑡 )) do not depend on the heat-pump efficiency model used to define the

objective components 𝑐 (𝑏 ) (·) and 𝑐 (𝑓 )𝑡 (·). Recall that by Assumption 3.6, in the standard OTNM problem, the efficiency model is static and

conservative, i.e., the amount of electricity needed to run ground-source heat pumps at customer homes is modeled via a constant coefficient

of performance (COP). We denote 𝑐max
:= max𝑖∈[𝑛]

1

COP𝑖
as the worst-case electricity-per-heat coefficient across all customers.

Now, note that OTNM objective function can be decomposed as

𝐽 (𝜋 ; 𝑐) = 𝐺 (𝜋) +
𝑇∑︁
𝑡=1

𝑝𝑡 𝑐𝑡 (𝜋) ℎ𝑡 (𝜋),

as a function of the trajectory 𝜋 , where 𝐺 (𝜋) ≥ 0 captures all costs not related to ground-source heat pumps at households (e.g., fixed costs,

demand charges, non-heat-pump energy consumption, etc.), 𝑝𝑡 is the electricity price at time 𝑡 , ℎ𝑡 (𝜋) := 1⊤ (b𝑡 + z𝑡 ) is the total heating
and/or cooling delivered by all heat pumps at time 𝑡 under trajectory 𝜋 , and 𝑐𝑡 (𝜋) ≤ 1 is the electricity-per-heat coefficient at time 𝑡 under

trajectory 𝜋 . In the static COP model, we have 𝑐𝑡 (𝜋) ∼ 𝑐max for all 𝜋 , and it does not vary with time 𝑡 .

In a more detailed dynamic COPmodel, the coefficient 𝑐𝑡 (𝜋) can vary with time 𝑡 and the trajectory 𝜋 , reflecting the fact that ground-source

heat pump efficiency depends on conditions (e.g., loop temperature, etc.) and the operating point of the heat pump. In practice, these

coefficients satisfy the uniform bounds

𝑐min ≤ 𝑐𝑡 (𝜋) ≤ 𝑐max ∀𝑡, ∀𝜋 ∈ F ,
for some 0 < 𝑐min ≤ 𝑐max. 𝑐𝑡 (𝜋) ≡ 𝑐max for all 𝑡, 𝜋 . Formally, we denote 𝑐min

:= min𝑖∈[𝑛]
1

COP𝑖
as the best-case electricity-per-heat coefficient

across all customers and operating conditions.

Then, suppose OPTdyn (I) is the optimal objective value of the offline OTNM problem under the dynamic COP model for any instance

I, and denote OPTmax (I) as the optimal objective value of the offline OTNM problem under the static conservative COP model (i.e., with

𝑐𝑡 (𝜋) ≡ 𝑐max, under Assumption 3.6).

OPTdyn (I) := min

𝜋 ∈F
𝐽 (𝜋 ; 𝑐) and OPTmax (I) := min

𝜋∈F
𝐽 (𝜋 ; 𝑐max) .

Then it follows that OPTmax (I) ≤ 𝑐max

𝑐
min

OPTdyn (I). Consequently, if an online algorithm satisfies ALG(I) ≤ 𝛼 OPTmax (I), then it is

𝛼 · 𝑐max

𝑐
min

-competitive with respect to the dynamic-COP benchmark:

ALG(I) ≤ 𝛼
𝑐max

𝑐min

OPTdyn (I) .

Proof. Fix any feasible trajectory 𝜋 ∈ F . Since 𝑐𝑡 (𝜋) ≥ 𝑐min and 𝑝𝑡 , ℎ𝑡 (𝜋) ≥ 0,

𝐽 (𝜋 ; 𝑐) =𝐺 (𝜋) +
𝑇∑︁
𝑡=1

𝑝𝑡 𝑐𝑡 (𝜋) ℎ𝑡 (𝜋) ≥
𝑇∑︁
𝑡=1

𝑝𝑡 𝑐𝑡 (𝜋) ℎ𝑡 (𝜋) ≥ 𝑐min

𝑇∑︁
𝑡=1

𝑝𝑡 ℎ𝑡 (𝜋) .

Rearranging yields the trajectory-wise bound

𝑇∑︁
𝑡=1

𝑝𝑡 ℎ𝑡 (𝜋) ≤
1

𝑐min

𝐽 (𝜋 ; 𝑐) . (16)

Next, compare the static and dynamic objectives on the same trajectory 𝜋 :

𝐽 (𝜋 ; 𝑐max) =𝐺 (𝜋) +
𝑇∑︁
𝑡=1

𝑝𝑡 𝑐max ℎ𝑡 (𝜋) = 𝐽 (𝜋 ; 𝑐) +
𝑇∑︁
𝑡=1

𝑝𝑡
(
𝑐max − 𝑐𝑡 (𝜋)

)
ℎ𝑡 (𝜋) .

Using 𝑐𝑡 (𝜋) ≥ 𝑐min gives 𝑐max − 𝑐𝑡 (𝜋) ≤ 𝑐max − 𝑐min, hence

𝐽 (𝜋 ; 𝑐max) ≤ 𝐽 (𝜋 ; 𝑐) + (𝑐max − 𝑐min)
𝑇∑︁
𝑡=1

𝑝𝑡 ℎ𝑡 (𝜋)
(16)

≤ 𝐽 (𝜋 ; 𝑐) + (𝑐max − 𝑐min) ·
1

𝑐min

𝐽 (𝜋 ; 𝑐) = 𝑐max

𝑐min

𝐽 (𝜋 ; 𝑐) .

Let 𝜋★
dyn
∈ arg min𝜋 ∈F 𝐽 (𝜋 ; 𝑐) be a dynamic-COP optimizer. Since OPTmax (I) is the minimum of 𝐽 (·; 𝑐max) over the same feasible set F ,

OPTmax (I) = min

𝜋∈F
𝐽 (𝜋 ; 𝑐max) ≤ 𝐽 (𝜋★

dyn
; 𝑐max) ≤

𝑐max

𝑐min

𝐽 (𝜋★
dyn

; 𝑐) = 𝑐max

𝑐min

OPTdyn (I) .

This completes the proof. □
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B.5 Proof of Theorem 5.2
In this section, we prove Theorem 5.2, which states that if learned thresholds

ˆ𝜙𝜽 and
ˆ𝜓𝜽 lie within the robust certificate set R𝜌 for some

desired robustness factor 𝜌 > 𝜌 , then TANDEM using these learned thresholds is 𝜌-competitive for OTNM.

Proof. Before the main proof, we note that TANDEM using learned thresholds
ˆ𝜙𝜽 and

ˆ𝜓𝜽 produces a feasible solution to OTNM, following
from the same argument as in Lemma B.1, which only relies on the structure of the algorithm, not the thresholds used.

We now proceed to bound the competitive ratio of TANDEM. For notational brevity, the following considers any arbitrary instance of OTNM
I ∈ Ω that satisfies Assumptions 3.2 - 3.9, where Ω is the set of all such instances. We start by considering the competitive ratio in a setting

without rate constraints (i.e., where x𝑡 is unconstrained for all 𝑡 ), and later extend the proof to the general case with rate constraints (see

Lemma B.9). We recall the definition of active and inactive periods from Definition B.2, and the additional notations used in the proof of

Theorem 4.3. We inherent the first result of the existing proof (Lemma B.3), which states a lower bound on OPT for any instance I ∈ Ω:

OPT(I) ≥
𝐾∑︁
𝑘=1

𝐺𝑘 (𝛽𝑘 ) +
(
𝐷𝑏 −

𝐾∑︁
𝑘=1

𝛽𝑘

)
ˆ
˜𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
,

where
ˆ
˜𝑝𝑔 = ˆ𝜙𝜽 (0) (i.e., the worst (highest) marginal cost that TANDEM’s base drivers are willing to pay to fill the thermal network’s effective

storage). Next, we state an upper bound on the cost incurred by TANDEM using learned thresholds
ˆ𝜙𝜽 and

ˆ𝜓𝜽 for the same instance I:
Lemma B.11. Given that TANDEM produces 𝐾 active periods, let 𝑤̂ (𝑏 )

𝑘,𝑗
, 𝐵 (𝑏 )

𝑘,𝑗
, 𝐵, 𝑤̂ (𝑓 )

𝑖,𝜏
, and 𝑣 (𝑓 )

𝑖,𝜏
be defined as outlined above. Then, the cost

incurred by TANDEM’s solution is upper bounded as:

TANDEM(I) ≤
𝐾∑︁
𝑘=1

𝑣𝑘∑︁
𝑗=1

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0

ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑦)𝑑𝑦 +

𝑇∑︁
𝜏=1

𝑛∑︁
𝑖=1

(∫ 𝑤̂
(𝑓 )
𝑖,𝜏

0

ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑦)𝑑𝑦 +

∫ 𝑣
(𝑓 )
𝑖,𝜏

0

ˆ𝜓𝜽 ,𝑖,𝜏 (𝑦)𝑑𝑦
)

(17)

+
(
𝐵 −

𝐾∑︁
𝑘=1

𝑣𝑘∑︁
𝑗=1

𝑤̂
(𝑏 )
𝑘,𝑗

)
(𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | +

(
𝐷+
𝑓
−

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝑤̂
(𝑓 )
𝑖,𝜏

)
(𝜆max + 2𝜂) +

(
|𝐷 𝑓 | −

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝑣
(𝑓 )
𝑖,𝜏

)
(𝜆max𝑟 + 2𝛾) (18)

+ 𝐿 · 𝑆 (𝜆max + 2𝜂) (19)

Proof. As in the proof of Lemma B.4, this follows by explicitly characterizing the worst-case cost of TANDEM using the learned threshold

functions in the definitions in Algorithm 1 and Algorithm 2. The primary change with respect to Lemma B.4 is bounding (17)—both (18) and

(19) use logic unchanged from the previous proof.

The first line worst-case cost that can be charged to each driver’s pseudo-cost threshold functions, using the definitions of the pseudo-cost

minimization subproblems in Algorithm 1 and Algorithm 2. In this case, TANDEM uses the learned thresholds
ˆ𝜙𝜽 and

ˆ𝜓𝜽 in place of the

analytical thresholds. Even when learned thresholds are used, TANDEM only purchases energy or delivers flexible demand when the marginal

cost of doing so (e.g., the market price 𝑝𝑡 combined with the current efficiency, either g𝑡 or 𝑐
(𝑓 )
𝑖,𝑡

) is sufficiently low to make the minimization

problems on Line 15 (Algorithm 2) and Line 3 (Algorithm 1) negative. Thus, we can say that the cost of purchasing energy attributable to the

𝑗 th base driver in the 𝑘 th active period is upper bounded by

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0

ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑦)𝑑𝑦, analogous reasoning applies to the flexible demand drivers’

purchasing and delivery costs, and aggregating over all drivers yields (17). □

Leveraging the definition of the robust certificate set R𝜌 in Def. 5.1, we have the following technical lemmas to provide a relation between

the learned thresholds and the optimal cost.

Lemma B.12. By definition of the threshold function ˆ𝜙𝜽 (·) within the robust certificate set R𝜌 , the following relation always holds:∫ 𝑤

0

ˆ𝜙𝜽 (𝑦)𝑑𝑦 + (1 −𝑤) (𝜆max + 2𝜂) ≤ 𝜌 [ ˆ𝜙𝜽 (𝑤) − 2𝜂] , ∀𝑤 ∈ [0, 1] .

Lemma B.13. By definition of the threshold functions ˆ𝜙𝜽 (·) and ˆ𝜓𝜽 (·) within the robust certificate set R𝜌 , the following relation always holds:∫ 𝑤

0

ˆ𝜙𝜽 (𝑦)𝑑𝑦 + (1 −𝑤) (𝜆max + 2𝜂) +
∫ 𝑣

0

ˆ𝜓𝜽 (𝑦)𝑑𝑦 + (1 − 𝑣) (𝜆max𝑟 + 2𝛾) ≤ 𝜌 [ ˆ𝜙𝜽 (𝑤) − 2𝜂 + ˆ𝜓𝜽 (𝑣) − 2𝛾] , ∀𝑤, 𝑣 ∈ [0, 1] .∫ 𝑣

0

ˆ𝜓𝜽 (𝑦)𝑑𝑦 + (1 − 𝑣) (𝜆max𝑟 + 2𝛾) ≤ 𝜌 [ ˆ𝜓𝜽 (𝑣) − 2𝛾] , ∀𝑣 ∈ [0, 1] .

The proofs of both lemmas follow directly from the definition of the robust certificate set R𝜌 in Def. 5.1. Then, combining Lemmas B.3,

B.11, B.12, and B.13, we claim the following holds:

TANDEM(I) − (𝜆max + 2𝜂) · (𝑆 + 𝐿𝑆)
OPT(I) ≤ 𝜌.
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Letting𝑄 =
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0

ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑦)𝑑𝑦 +∑𝑇

𝜏=1

∑𝑛
𝑖=1

( ∫ 𝑤̂
(𝑓 )
𝑖,𝜏

0

ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑦)𝑑𝑦 +

∫ 𝑣
(𝑓 )
𝑖,𝜏

0

ˆ𝜓𝜽 ,𝑖,𝜏 (𝑦)𝑑𝑦
)
denote the integrals over the learned thresholds,

we have the following using the same logic as in the proof of Theorem 4.3—we can rewrite the left-hand side of the above expression as:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

𝑄 + (𝐵 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | + (𝐷+𝑓 − 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) − (𝜆max + 2𝜂)𝑆∑𝐾
𝑘=1

𝐺𝑘 (𝛽𝑘 ) + (𝐷𝑏 − 𝜷) ˆ
˜𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,

By Lemma B.7, we can write:

≤ max

{
𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+

𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) + 𝑝𝑐𝜷 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,
(𝐷𝑏 − 𝜷) (𝜆max + 2𝜂) + (|𝐷𝑏 | − 𝜷)𝑝𝑐
(𝐷𝑏 − 𝜷) ˆ

˜𝑝𝑔 + (|𝐷𝑏 | − 𝜷)𝑝𝑐
,
𝑝𝑐𝜷

𝑝𝑐𝜷

}
, (20)

where the definition of
ˆ
˜𝑝𝑔 (using Def. 5.1) ensures that the second term in the max is at most 𝜌 , and the third term is 1. We now focus on the

first term. For the sake of contradiction, suppose that:

𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+
𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) > 𝜌. (21)

Then, continuing with the same logic as in the proof of Theorem 4.3 and using Lemma B.8, we have the following relation:

𝑄 + (𝐵 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+
𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1
𝐺𝑘 (𝐵𝑘 ) +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,

≥
𝑄 + (𝜷 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+

𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) + (𝐵 − 𝜷) (𝜆max + 2𝜂)∑𝐾

𝑘=1
𝐺𝑘 (𝛽𝑘 ) +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

)
+∑𝐾

𝑘=1
(𝐺𝑘 (𝐵𝑘 ) −𝐺𝑘 (𝛽𝑘 ))

> 𝜌,

Using the learned threshold functions, we know that during the 𝑘 th active period and the lifetime of the 𝑗 th base driver, the minimum

marginal purchasing cost observed is given by
ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂 (by definition of the threshold function). Similarly, during the lifetime of

the flexible demand driver arriving at time 𝜏 for customer 𝑖 , the minimum marginal purchasing and delivery costs observed are given by

ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑤̂

(𝑓 )
𝑖,𝜏
) − 2𝜂 and

ˆ𝜓𝜽 ,𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏
) − 2𝛾 , respectively. This gives the following lower bounds on the terms that depend on 𝐺𝑘 , 𝐻𝑖,𝜏 , and 𝐸𝑖,𝜏 ,

respectively:

𝐾∑︁
𝑘=1

𝐺𝑘

(
𝑣𝑘∑︁
𝑗=1

𝐵
(𝑏 )
𝑘,𝑗

)
≥

𝑣𝑘∑︁
𝑗=1

(
ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
× 𝐵 (𝑏 )

𝑘,𝑗
,

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) ≥
𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑤̂

(𝑓 )
𝑖,𝜏
) − 2𝜂

)
× 𝜉𝑖,𝜏 ,

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝐸𝑖,𝜏 (𝑓𝑖,𝜏 ) ≥
𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
ˆ𝜓𝜽 ,𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
× 𝑓𝑖,𝜏 .

Substituting these bounds into the previous expression, we have that the left-hand side of (21) is less than or equal to:

𝑄 + (𝐵 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + (𝐷+
𝑓
− 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾)∑𝐾

𝑘=1

∑𝑣𝑘
𝑗=1

(
ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑤̂

(𝑓 )
𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
ˆ𝜓𝜽 ,𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

.

By rearranging the terms in the above and substituting for 𝑄 , we obtain the following:

≤
∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑋
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

𝑋
(𝑓 )
𝑖,𝜏∑𝐾

𝑘=1

∑𝑣𝑘
𝑗=1

(
ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑤̂

(𝑓 )
𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
ˆ𝜓𝜽 ,𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

. (22)

where 𝑋
(𝑏 )
𝑘,𝑗

and 𝑋
(𝑓 )
𝑖,𝜏

are defined as follows (for each driver):

𝑋
(𝑏 )
𝑘,𝑗

=

∫ 𝑤̂
(𝑏)
𝑘,𝑗

0

ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑦)𝑑𝑦 + (𝐵 (𝑏 )

𝑘,𝑗
− 𝑤̂ (𝑏 )

𝑘,𝑗
) (𝜆max + 2𝜂),

𝑋
(𝑓 )
𝑖,𝜏

=

∫ 𝑤̂
(𝑓 )
𝑖,𝜏

0

ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑦)𝑑𝑦 + (𝜉𝑖,𝜏 − 𝑤̂

(𝑓 )
𝑖,𝜏
) (𝜆max + 2𝜂) +

∫ 𝑣
(𝑓 )
𝑖,𝜏

0

ˆ𝜓𝜽 ,𝑖,𝜏 (𝑦)𝑑𝑦 + (𝑓𝑖,𝜏 − 𝑣 (𝑓 )𝑖,𝜏
) (𝜆max𝑟 + 2𝛾) .

Since (21) is > 𝜌 by assumption, one of the following cases must be true:
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Case 1: There exists some base driver with 𝑘 ∈ {1, . . . , 𝐾} and 𝑗 ∈ {1, . . . , 𝑣𝑘 } such that:

𝑋
(𝑏 )
𝑘,𝑗

> 𝜌

(
ˆ𝜙
(𝑏 )
𝜽 ,𝑘, 𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
.

Case 2: There exists some flexible demand driver with 𝑖 ∈ {1, . . . , 𝑛} and 𝜏 ∈ {1, . . . ,𝑇 } such that:

𝑋
(𝑓 )
𝑖,𝜏

> 𝜌

((
ˆ𝜙
(𝑓 )
𝜽 ,𝑖,𝜏 (𝑤̂

(𝑓 )
𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

(
ˆ𝜓𝜽 ,𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

)
.

But, if either of these two cases are true (i.e., for any unit of base or flexible demand), they contradict Lemmas B.12 and B.13, respectively.

Thus, we conclude that our initial assumption in (21) must be false, completing the proof that
TANDEM(I)−(𝜆max+2𝜂 ) · (𝑆+𝐿𝑆 )

OPT(I) ≤ 𝜌 .
Using this result, we have:

TANDEM(I) ≤ 𝜌OPT(I) + (𝜆max + 2𝜂) · (𝑆 + 𝐿𝑆) ,
where (𝜆max + 2𝜂) · (𝑆 + 𝐿𝑆) is a constant. This shows that TANDEM using learned threshold functions is 𝜌-competitive under Def. 3.1.

Finally, we remark on the impact of rate constraints in the following lemma:

Lemma B.14. TANDEM using learned threshold functions ˆ𝜙𝜽 and ˆ𝜓𝜽 lying within the robust certificate set R𝜌 for some desired robustness factor
𝜌 > 𝜌 remains 𝜌-competitive when rate constraints are imposed on the network management decisions of both TANDEM and OPT.

Proof. Denote x𝑡 and x★𝑡 as the purchasing decisions made by TANDEM and OPT (respectively), and define T𝑟 ⊂ {1, . . . ,𝑇 } as the set of
time steps where rate constraints are active for TANDEM (i.e., x𝑡 is limited by a maximum rate at those time steps).

When TANDEM is not rate-constrained, recall that the 𝑖th purchasing driver solves the following pseudo-cost minimization problem at each

time step: x𝑖,𝑡 ← argminx∈R𝑚 𝑝𝑡g⊤𝑡 x + 𝜂∥x − x̃𝑖,𝑡 ∥ − Φ̂𝜽 ,𝑖 (𝑤𝑖,𝑡−1,𝑤𝑖,𝑡−1 + 1⊤x), where 𝑤𝑖,𝑡 = 𝑤𝑖,𝑡−1 + 1⊤x𝑖,𝑡 corresponds to the best price

observed so far by the 𝑖th purchasing driver up to time 𝑡 , given by
ˆ𝜙𝜽 ,𝑖 (𝑤𝑖,𝑡 ) − 2𝜂.

When rate constraints are active at time 𝑡 ∈ T𝑟 , the purchasing decision is constrained to x̄𝑖,𝑡 , which is the solution to the same pseudo-cost

minimization problem but with an additional constraint on the maximum allowable purchase rate. Let 𝑤̄𝑖,𝑡 = 𝑤̄𝑖,𝑡−1 + 1⊤x̄𝑖,𝑡 denote the
(reduced) amount purchased during this step, and note that by the monotonicity of 𝜙 (see Def. 5.1), we have

ˆ𝜙𝜽 ,𝑖 (𝑤̄𝑖,𝑡 ) > ˆ𝜙𝜽 ,𝑖 (𝑤𝑖,𝑡 ). This
means that although TANDEM’s total cost is upper-bounded with respect to

ˆ𝜙𝜽 ,𝑖 (𝑤̄𝑖,𝑡 ), in a rate-constrained setting, for any 𝑡 ∈ T𝑟 , the cost
incurred by TANDEM is actually lower since it purchases energy at the lower cost corresponding to

ˆ𝜙𝜽 ,𝑖 (𝑤𝑖,𝑡 ). Second, since ˆ𝜙𝜽 ,𝑖 (𝑤̄𝑖,𝑡 ) typically
forms a lower bound on OPT’s cost (as shown in the main proof), the bound must be adjusted to account for the fact that the actual price

paid by OPT is the lower cost corresponding to
ˆ𝜙𝜽 ,𝑖 (𝑤𝑖,𝑡 ). Formally, we define a function 𝜇 (𝑡) for each time step 𝑡 ∈ T𝑟 as follows:

𝜇 (𝑡) =
∑︁

𝑖∈B𝑡∪F𝑡

(
ˆ𝜙𝜽 ,𝑖 (𝑤̄𝑖,𝑡 ) − ˆ𝜙𝜽 ,𝑖 (𝑤𝑖,𝑡 )

)
,

where B𝑡 and F𝑡 denote the sets of active drivers at time 𝑡 . This function 𝜇 (·) captures the cumulative difference in cost bounds due to rate

constraints across all rate-constrained periods 𝑡 ∈ T𝑟 . Picking up from (20) in the main proof, we can bound the competitive ratio as follows:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

𝑄 + (𝐷𝑏 − 𝑊̂𝑏 ) (𝜆max + 2𝜂) + 𝑝𝑐 |𝐷𝑏 | + (𝐷+𝑓 − 𝑊̂𝑓 ) (𝜆max + 2𝜂) + (|𝐷 𝑓 | −𝑉 ) (𝜆max𝑟 + 2𝛾) −∑
𝑡 ∈T𝑟 𝜇 (𝑡)1⊤x𝑡∑𝐾

𝑘=1
𝐺 ′
𝑘
(𝛽𝑘 ) + (𝐷𝑏 − 𝜷) ˆ

˜𝑝𝑔 + 𝑝𝑐 |𝐷𝑏 | +
∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝐻
′ (𝑖 )
𝜏 (𝜉𝑖,𝜏 ) + 𝐸𝑖,𝜏 (𝑓𝑖,𝜏 )

) ,

where 𝐺 ′
𝑘
(·) and 𝐻

′ (𝑖 )
𝜏 (·) are defined similarly to 𝐺𝑘 (·) but accounts for rate constraints in OPT’s solution. Note that the last term in the

numerator captures the reduction in TANDEM’s cost due to the “over-estimation” of cost incurred during rate-constrained periods. Then,

similarly to the main proof, 𝐺 ′
𝑘
(·) and 𝐻

′ (𝑖 )
𝜏 (·) satisfy:

𝐾∑︁
𝑘=1

𝐺𝑘

(
𝑣𝑘∑︁
𝑗=1

𝐵
(𝑏 )
𝑘,𝑗

)
+

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

𝐻𝑖,𝜏 (𝜉𝑖,𝜏 ) ≥
𝑣𝑘∑︁
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
× 𝐵 (𝑏 )

𝑘,𝑗
+

𝑛∑︁
𝑖=1

𝑇∑︁
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
× 𝜉𝑖,𝜏 −

∑︁
𝑡 ∈T𝑟

𝜇 (𝑡)1⊤x★𝑡 .

Then, using (15) and following the same reasoning as in the main proof, we have:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

max


∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑋
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

𝑋
(𝑓 )
𝑖,𝜏
−∑

𝑡 ∈T𝑟 𝜇 (𝑡)1⊤x𝑡∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏 −

∑
𝑡 ∈T𝑟 𝜇 (𝑡)1⊤x★𝑡

, 𝜌


In the worst-case, we have that

1⊤x𝑡
1⊤x★𝑡

≤ 𝜌 for any 𝑡 ∈ T𝑟 – we show this by contradiction. Suppose I = [(𝑝𝑡 , g𝑡 , b𝑡 , f𝑡 ,𝚫𝑡 )]𝑡 ∈[𝑇 ] is the

worst-case instance and at time slot 𝑡 , we have
1⊤x𝑡
1⊤x★𝑡

> 𝜌 . We can construct a modified input instance I′ from I by increasing the price and

efficiency at time 𝑡 by 𝛿𝑝 and 𝛿𝑔 , where 𝛿 = 𝛿𝑝 × 𝛿𝑔 ≤ 𝜇 (𝑡). That is:

I′ =
[
(𝑝1, g1, b1, f1,𝚫1), . . . , (𝑝𝑡−1, g𝑡−1, b𝑡−1, f𝑡−1,𝚫𝑡−1), (𝑝𝑡 + 𝛿𝑝 , g𝑡 + 𝛿𝑔, b𝑡 , f𝑡 ,𝚫𝑡 ), (𝑝𝑡+1, g𝑡+1, b𝑡+1, f𝑡+1,𝚫𝑡+1), . . . , (𝑝𝑇 , g𝑇 , b𝑇 , f𝑇 ,𝚫𝑇 )

]
.
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In this modified input instance, the cost of TANDEM increases by 𝛿 × 1⊤x𝑡 , while the cost of OPT increases by less than
𝛿×1⊤x𝑡

𝜌
, since OPT

can always choose to purchase at other time slots. This contradicts the assumption that I is the worst-case input instance, and thus, we

conclude that in the worst-case, 1⊤x𝑡/1⊤x★𝑡 ≤ 𝜌 for any 𝑡 ∈ T𝑟 . By the above we have that

∑
𝑡 ∈T𝑟 𝜇 (𝑡 )1

⊤x𝑡∑
𝑡 ∈T𝑟 𝜇 (𝑡 )1⊤x

★
𝑡

≤ 𝜌 , which yields:

TANDEM(I) − (𝜆max + 2𝜂) (𝑆 + 𝐿𝑆)
OPT(I) ≤

max


∑𝐾
𝑘=1

∑𝑣𝑘
𝑗=1
𝑋
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

𝑋
(𝑓 )
𝑖,𝜏∑𝐾

𝑘=1

∑𝑣𝑘
𝑗=1

(
𝜙
(𝑏 )
𝑘,𝑗
(𝑤̂ (𝑏 )

𝑘,𝑗
) − 2𝜂

)
𝐵
(𝑏 )
𝑘,𝑗
+∑𝑛

𝑖=1

∑𝑇
𝜏=1

(
𝜙
(𝑓 )
𝑖,𝜏
(𝑤̂ (𝑓 )

𝑖,𝜏
) − 2𝜂

)
𝜉𝑖,𝜏 +

∑𝑛
𝑖=1

∑𝑇
𝜏=1

(
𝜓𝑖,𝜏 (𝑣 (𝑓 )𝑖,𝜏

) − 2𝛾

)
𝑓𝑖,𝜏

, 𝜌

 .
Combining the above with the contradiction in (21) from the main proof, we have that TANDEM using learned threshold functions is

𝜌-competitive even when rate constraints are imposed on the network management side, as desired. □

□

B.6 Proof of Lemma 5.3
In this section, we prove Lemma 5.3, which states that the robust certificate set R𝜌 is a convex set when learned thresholds

ˆ𝜙𝜽 and
ˆ𝜓𝜽 are

parameterized as piecewise-affine functions defined by 𝜽𝜙 , 𝜽𝜓 ∈ R𝐾+ .

Proof. Denote the grid discretization points by 0 =𝑤1 < 𝑤2 < · · · < 𝑤𝐾 = 1, with𝑤 𝑗 =
𝑗−1

𝐾−1
. Each threshold function 𝜙𝜽 : [0, 1] → R or

𝜓𝜽 : [0, 1] → R is parameterized by its knot values 𝜽 = (𝜃1, . . . , 𝜃𝐾 ) and linear interpolation on each interval [𝑤 𝑗 ,𝑤 𝑗+1]. We want to show

that R𝜌 is a convex set in 𝜽𝜙 , 𝜽𝜓 ∈ R𝐾+ .
First, we introduce the hat-basis representation of piecewise-affine functions, which will be useful in the proof. Let {ℎ 𝑗 (·)}𝐾𝑗=1

be the

standard PWA “tent” basis: each ℎ 𝑗 is piecewise-linear, ℎ 𝑗 (𝑤𝑖 ) = 1{𝑖 = 𝑗}, supported on [𝑤 𝑗−1,𝑤 𝑗+1] (with boundary conventions for

𝑗 = 1, 𝐾 ), and
∑
𝑗 ℎ 𝑗 (𝑢) = 1 for all 𝑢 ∈ [0, 1]. Under linear interpolation, we have:

𝜙𝜽 (𝑢) =
𝐾∑︁
𝑗=1

𝜃 𝑗,𝜙ℎ 𝑗 (𝑢), Φ𝜽 (0,𝑤) =
∫ 𝑤

0

𝜙𝜽 (𝑢) 𝑑𝑢 =

𝐾∑︁
𝑗=1

𝜃 𝑗,𝜙𝐻 𝑗 (𝑤),

so for fixed 𝑢,𝑤 , both 𝜙𝜽 (𝑢) and Φ𝜽 (0,𝑤) are affine in the parameter vector 𝜽𝜙 . The same applies to𝜓𝜽 and Ψ𝜽 (0, 𝑣).
All defining constraints of R𝜌 are affine in the product space (𝜽𝜙 , 𝜽𝜓 ). (i) range and endpoint: 𝜆min ≤ 𝜃 𝑗,𝜙 ≤ 𝜆max, 𝜆min𝑟 ≤ 𝜃 𝑗,𝜓 ≤ 𝜆max𝑟 ,

𝜃𝐾,𝜙 ≤ 𝜆min + 2𝜂, and 𝜃𝐾,𝜓 ≤ 𝜆min𝑟 + 2𝛾 (box and halfspace); (ii) monotone non-increasing: 𝜃 𝑗+1,𝜙 − 𝜃 𝑗,𝜙 ≤ 0 and 𝜃 𝑗+1,𝜓 − 𝜃 𝑗,𝜓 ≤ 0 for

𝑗 = 1, . . . , 𝐾 − 1 (segment slopes); (iii) for ∀𝑤 ∈ [0, 1], 𝑣 ∈ [0,𝑤], the robustness inequality
𝐾∑︁
𝑗=1

𝜃 𝑗,𝜙𝐻 𝑗 (𝑤) + (1−𝑤) (𝜆max+2𝜂) +
𝐾∑︁
𝑗=1

𝜃 𝑗,𝜓𝐻 𝑗 (𝑣) + (1−𝑣) (𝜆max𝑟+2𝛾) ≤ 𝜌
[
𝐾∑︁
𝑗=1

𝜃 𝑗,𝜙ℎ 𝑗 (𝑤) +
𝐾∑︁
𝑗=1

𝜃 𝑗,𝜓ℎ 𝑗 (𝑣) − 2𝜂 − 2𝛾

]
.

is an affine halfspace in (𝜽𝜙 , 𝜽𝜓 ). Intersecting these halfspaces over all (𝑤, 𝑣) and with the linear constraints yields a convex set. Hence

R𝜌 is convex. Therefore, the robust certificate set is convex in the piecewise-affine parameter space.

□
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